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17.1 Overview

In Chaps. 12 and 13, we demonstratedthat viscosity can exert a major in
uence on 
uid

o w. When the viscosity is large, and the Reynolds' number R = LV=� is low, viscous
stressestransport momentum directly and the behavior of the 
uid can be characterizedby
saying that the vorticit y (! = r � v ) di�uses through the 
uid [cf. Eq. (13.3)]. As the
Reynolds' number increases,the advection of the vorticit y becomesmore important. In the
limit of large Reynolds' number, we think of the vortex lines as being frozen into the 
o w.
However, as we learned in Chap. 14, this insight is only qualitativ ely helpful becausehigh
Reynolds'number 
o wsareinvariably turbulent. Large, irregular, turbulent eddiestransport
shearstressvery e�cien tly. This is particularly in evidenceat turbulent boundary layers.

Thermal conduction is a similar transport processto viscosity when viewed microscop-
ically and is responsible for analogousphysical e�ects. If a 
uid is an e�cien t thermal
conductor, heat di�uses rapidly through it just like vorticit y di�uses through a highly vis-
cous 
uid. In 
uids with more modest conductivity, the accumulation of heat drives the

uid into convective motion and the heat is transported much more e�cien tly by this mo-
tion than by thermal conduction alone. As the heat transport increases,the 
uid motion
becomesmore vigorousand, if the viscosity is su�cien tly low, the 
o w can alsobecometur-
bulent. Again thesee�ects are very much in evidencenear solid boundaries,wherethermal
boundary layers can be formed, analogousto viscousboundary layers.

In addition to thermal e�ects that resemble the e�ects of viscosity, there are alsounique
thermal e�ects|particularly , the novel and subtle combined e�ects of gravit y and heat.
Heat, unlike vorticit y, causesa 
uid to expand and thus, in the presenceof gravit y, to
becomebuoyant; and this buoyancy can drive thermal circulation or free convection in an
otherwisestationary 
uid. (Free convection should be distinguished from forced convection
in which heat is carried passively by a 
o w driven in the usualmannerby externally imposed
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pressuregradients, for examplewhen you blow on hot food to cool it.)
The transport of heat is a fundamental charcteristic of many 
o ws. It dictates the form

of global weather patterns and oceancurrents. It is also of great technological importance
and is studied in detail, for example, in the cooling of nuclear reactors and the designof
automobile engines.From a more theoretical perspective, as we have already discussed,the
analysisof convection has led to major insights into the route to chaos(cf. Sec.14.5).

In this chapter we shall describe some
o ws where thermal e�ects are predominant. In
Sec.17.2,we shall modify the conservation laws of 
uid dynamicsso as to incorporate heat
conduction. Then in Sec.17.3 we shall discussthe Boussinesqapproximation, which is ap-
propriate for modest scale
o ws where buoyancy is important. This allows us in Sec.17.4
to derive the conditions under which convection is initiated. Unfortunately, this Boussi-
nesqapproximation sometimesbreaks down. In particular, as we discussin Sec.17.5, it
is inappropriate for application to convection in stars and planets where circulation takes
place over several gravitational scaleheights. Here, we shall have to usealternative, more
heuristic arguments to derive the relevant criterion for convective instabilit y, known as the
Schwarzschildcriterion , and to quantify the associated heat 
ux. We shall apply this theory
to the solar convection zone.

Finally, in Sec.17.6we return to simple buoyancy-driven convection in a strati�ed 
uid
to considerdoubledi�usion , a quite general type of instabilit y which can arise when the
di�usion of two physical quantities (in our caseheat and the concentration of salt) can
rendera 
uid unstabledespitethe fact that the 
uid would be stably strati�ed if there were
only concentration gradients of oneof thesequantities.

17.2 Heat Conduction

We know experimentally that heat 
o ws in responseto a temperature gradient. When the
temperature di�erences are small on the scaleof the meanfree path of the heat-conducting
particles (as, in practice, almost always will be the case), then we can expand the heat

ux as a Taylor seriesin the temperature gradient, Fheat = (constant) + (a term linear in
r T) + (a term quadratic in r T) + :::. Now, the constant term must vanish; otherwise
there would be heat conduction in the absenceof a temperature gradient and this would
contradict the secondlaw of thermodynamics. The �rst contributing term is thus the linear
term, and we stop with it, just as we do for Hooke's law of elasticity and Ohm's law of
electrical conductivity. Here, as in elasticity and electromagnetism,we must be on the
lookout for special circumstanceswhen the linear approximation becomesinvalid and be
preparedto modify our description accordingly. This rarely happens in 
uid dynamics, so
in this chapter we shall ignore higher-orderterms and write

Fheat = � � r T ; (17.1)

wherethe constant � is known as the coe�cient of thermal conductivity or just the thermal
conductivity; cf. Sec.2.8. In general � will be a tensor, as it describes a linear relation
between two vectors Fheat and r T. However, when the 
uid is isotropic (as it is for the
kinds of 
uids we have treated thus far), � is just a scalar. We shall con�ne ourselvesto this
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casein the present chapter; but in Chap. 18, when describinga plasmaas a 
uid, we shall
�nd that a magnetic�eld canmake the plasma'stransport propertiesbedecidelyanisotropic,
so the thermal conductivity is tensorial.

In this section we shall incorporate heat conduction into the fundamental equations
of 
uid dynamics. This can be accomplishedmost readily via the conservation laws for
momentum and energy.

On the molecular scale, the di�using heat shows up as an anisotropic term N 1 in the
momentum distributions N (p) = N0 + N1 of particles (molecules,atoms,electrons,photons,
...); cf., e.g.,Eqs. (2.112)and (2.116). This anisotropic term is tiny in magnitude compared
to the isotropic term N0, which has already been included via u =(in ternal energy per
unit mass)and P = (pressure)in our densitiesand 
uxes of momentum and energy. The
only place that the molecular-scaleanisotropic term is of any quantitativ e consequence,
macroscopically, is in the energy 
ux; so heat conductivity modi�es only the energy 
ux
and not the energy density or the momentum density or 
ux. 1 Correspondingly, the law
of momentum conservation (the Navier-Stokes equation) is left unchanged, while energy
conservation is altered.

More speci�cally, in an external gravitational �eld (seeBox 12.2for the moregeneralcase
of 
uids with signi�cant self gravit y), the energydensity retains its standard perfect-
uid
form

U = �
�

1
2

v2 + u + �
�

(17.2)

[Eq. (12.48)], and the energy 
ux (12.68) gets modi�ed by the addition of the di�usiv e
heat-
ow term (17.1):

F = � v
�

1
2

v2 + h + �
�

� � � v � 2� � � v � � r T : (17.3)

Assumingthere are no sourcesor sinks of energybeyond thosealready included in theseU
and F (no nuclear or chemical reactions,radiation emissionor absorption, ...), then the law
of energyconservation takesthe standard form

@U
@t

+ r � F = 0 : (17.4)

As in our discussionof the in
uence of viscosity on energyconservation (Sec.12.6), so
alsohere,we can derive a law for the evolution of entropy by combining energyconservation
(17.4) with massconservation and the �rst law of thermodynamics;seeEx. 17.1 for details.
The result can be written in either of two equivalent forms. The �rst, a conservation law for
entropy, says:

@(�s )
@t

+ r � [�s v � � r ln T] = � (r ln T)2 +
2� � : � + � � 2

T
; (17.5)

1This is only true non-relativistically . In relativistic 
uid dynamics, it remains true in the 
uid's rest
frame; but in frameswhere the 
uid movesat high speed,the di�usiv e energy
ux gets Lorentz transformed
into heat-
o w contributions to energydensity, momentum density, and momentum 
ux.
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where the colon signi�es a double contraction of the secondrank rate of sheartensor with
itself. The quantit y �s is obviously entropy density (sinces is entropy per unit mass),and �s v
is obviously a contribution to entropy 
ux producedby the motion of the entropy-endowed

uid. The term � � r ln T = Fheat=T is a 
ux of heat divided by temperature and thus, since
heat divided by temperature is entropy, it must be a 
ux of entropy carried by the 
o wing
heat (i.e. carried, microscopically, by the anisotropy N 1 in the momentum distributions of
the moleculesand other particles). The left side of Eq. (17.5) would vanish if entropy were
conserved, so the right side must be the rate of production of entropy in a unit volume. It
contains the viscousheating terms that we discussedin Sec.12.6,and alsoa new term:

dS
dtdV

= � (r ln T)2 = Fheat � r
1
T

: (17.6)

This entropy increaseper unit volume is the continuum version of the thermodynamic law
that, whenan amount of heat dQ is transferedfrom a reservoir with high temperature T1 to
a reservoir with lower temperature T2, there is a net entropy increasegiven by

dS = dQ
�

1
T1

�
1
T2

�
; (17.7)

cf. Ex. 17.2.
Note that the second law of thermodynamics (entropy never decreases),applied to

Eq. (17.5), implies that the thermal conductivity � , like the viscosity coe�cien ts � and
� , must always be positive.

Our secondversionof the law of entropy evolution, derivablefrom Eq. (17.5)by combining
with massconservation, says that the entropy per unit massin a 
uid element evolvesat a
rate given by

�T
ds
dt

= � r 2T +
2� � : � + � � 2

T
(17.8)

cf. Ex. 17.2.
For a viscous,heat-conducting 
uid moving in an external gravitational �eld, the gov-

erning equationsare the standard law of massconservation (12.25) or (12.26), the standard
Navier-Stokesequation (12.62), the �rst law of thermodynamics[Eq. (2) or (3) of Box 12.1],
and either the law of energyconservation (17.3) or the law of entropy evolution (17.5) or
(17.8).

This set of equationsis far too complicatedto solve, exceptvia massive numerical simu-
lations, unlesssomestrong simpli�cation is imposed. We must therefore introduce approx-
imations. Our �rst approximation is that the thermal conductivity � is constant; for most
real applicationsthis is closeto true, and no signi�cant physical e�ects aremissedby assum-
ing it. Our secondapproximation, which does limit somewhatthe type of problem we can
address,is that the 
uid motions are very slow|slo w enoughthat the squaresof the shear
and expansion(which are quadratic in the 
uid speed)are neglibibly small, and we thus can
ignore viscousdissipation. This permits us to rewrite the entropy evolution equation (17.8)
as

�T
ds
dt

= � r 2T: (17.9)
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We can convert this entropy evolution equation into an evolution equation for temper-
ature by expressingthe changesds=dt of entropy per baryon in terms of changesdT=dt of
temperature. The usual way to do this is to note that Tds (the amount of heat deposited
in a unit massof 
uid) is given by CdT, where C is the 
uid's speci�c heat. However,
the speci�c heat depends on what one holds �xed during the energydeposition: the 
uid
element's volume or its pressure.As we have assumedthat the 
uid motions are very slow,
the fractional pressure
uctuations will be correspondingly small. (This doesnot preclude
signi�cant temperature 
uctuations, provided that they are compensatedby density 
uctu-
ations of opposite sign. However, if there are temperature 
uctuations, then thesewill tend
to equalizethrough thermal conduction in such a way that the pressuredoes not change
signi�cantly.) Therefore, the relevant speci�c heat for a slowly moving 
uid is the one at
constant pressure,CP , and we must write Tds = CP dT.2 Eq. (17.9) then becomesa linear
partial di�erential equation for the temperature

dT
dt

�
@T
@t

+ v � r T = � r 2T ; (17.10)

where
� = �=�C p (17.11)

is known as the thermal di�usivity and we have again taken the easiestroute in treating
CP and � as constant. When the 
uid moves so slowly that the advective term v � r T is
negligible, then Eq. (17.10) says that the heat simply di�uses through the 
uid, with the
thermal di�usivit y being the di�usion coe�cien t for the temperature.

The di�usiv e transport of heat by thermal conduction is similar to the di�usiv e transport
of vorticit y by viscousstress[Eq. (13.3)] and the thermal di�usivit y � is the direct analog
of the kinematic viscosity � . This motivates us to introduce a new dimensionlessnumber
known as the Prandtl number, which measuresthe relative importanceof viscosity and heat
conduction (in the senseof their relative abilities to produce a di�usion of vorticit y and of
heat):

Pr =
�
�

(17.12)

For gases,both � and � aregivento orderof magnitudeby the product of the meanmolecular
speed and the mean free path and so Prandtl numbers are typically of order unity. (For
air, Pr � 0:7.) By contrast, in liquid metals the free electronscarry heat very e�cien tly
comparedwith the transport of momentum (and vorticit y) by di�using ions, and so their
Prandtl numbersare small. This is why liquid sodium is usedasa coolant in nuclear power
reactors. At the other end of the spectrum, water is a relatively poor thermal conductor
with Pr � 6, and Prandtl numbers for oils, which are quite viscousand poor conductors,
measurein the thousands.Other Prandtl numbers are given in Table 17.1.

One might think that, when the Prandtl number is small (so � is large comparedto � ),
one should necessarilyinclude heat 
o w in the 
uid equations. Not so. One must distin-
guish the 
o w from the 
uid. In somelow-Prandtl-number 
o ws, the heat conduction is so

2Seee.g. Turner 1973 for a more formal justi�cation of the use of the speci�c heat at constant pressure
rather than constant volume.
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Fluid � (m2s� 1) � (m2s� 1) Pr
Earth's mantle 1017 10� 6 1023

Solar interior 10� 2 102 10� 4

Atmosphere 10� 5 10� 5 1
Ocean 10� 6 10� 7 10

Table 17.1: Order of magnitude estimates for kinematic viscosity � , thermal di�usivit y � , and
Prandtl number Pr = � =� for earth, �re, air and water.

e�ective that the 
uid becomesessentially isothermal, and buoyancy e�ects are minimised.
Conversely, in somelarge-Prandtl-number 
o ws the large viscousstressreducesthe velocity
gradient so that slow, thermally driven circulation takesplaceand thermal e�ects are very
important. In general, the kinematic viscosity is of direct importance in controlling the
transport of momentum, and hencein establishingthe velocity �eld, whereasheat conduc-
tion enters only indirectly (Sec.17.3 below). We must therefore examineeach 
o w on its
individual merits.

There is another dimensionlessnumber that is commonly introduced when discussing
thermal e�ects: the P�ecletnumber. It is de�ned, by analogywith the Reynolds'number, by

Pe =
VL
�

; (17.13)

where L is a characteristic length scaleof the 
o w and V is a characteristic speed. The
P�eclet number measuresthe relative importance of advection and heat conduction.

****************************

EXER CISES

Exercise 17.1 Derivation: Equationsfor Entropy Evolution
By combining the law of energyconservation (17.4) [with the energydensity and 
ux given
by Eqs. (17.2) and (17.3) where �( x) is a �xed external gravitational potential], with the
law of massconservation and the �rst law of thermodyanmics,derive Eqs. (17.5) and (17.8)
for the evolution of the 
uid's entropy.

Exercise 17.2 Problem: Elementary Derivation of Entropy Production
Beginning with the elementary law (17.7) for the increaseof entropy when heat dQ is

transferred from a high-temperature reservoir to a low-temperature one, derive the contin-
uum equation (17.6) for the rate of increaseof entropy per unit volumedue to di�usiv e heat

o w in an isotropic medium. Note that your derivation makes no referenceto the nature
of the medium, other than the requirements that it be isotropic and that temperature dif-
ferencesbe small on the scalesof the mean free paths of the heat carriers (so the di�usion
approximation is valid). Thus, Eq. (17.6) is valid for isotropic solidsas well as for 
uids.

Exercise 17.3 Example: Poiseuille Flow with a uniform temperature gradient
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A nuclear reactor is cooled with liquid sodium which 
o ws through a set of pipes from the
reactor to a remote heat exchanger,where the heat's energyis usedto generateelectricity.
Unfortunately, someheat will be lost through the walls of the pipe beforeit reachesthe heat
exchangerand this will reducethe reactor's e�ciency . In this question,we determinewhat
fraction of the heat is lost through the pipe walls.

Considerthe 
o w of the sodium through oneof the pipes,and assumethat the Reynold's
number is modest so the 
o w is steady and laminar. Then the 
uid velocity will have the
parabolic Poiseuillepro�le

v = 2�v
�

1 �
$ 2

R2

�
(17.14)

[Eq. (11.66)and associated discussion].HereR is the pipe's inner radius, $ is the cylindrical
radial coordinate measuredfrom the axis of the pipe, and �v is the mean speed along the
pipe. Supposethat the pipe has length L � R from the reactor to the heat exchanger,and
is thermally very well insulated so its inner wall is at nearly the sametemperature as the
coreof the 
uid. Then the total temperature drop � T down the length L will be � T � T,
and the temperature gradient will be constant, so the temperature distribution in the pipe
has the form

T = T0 � � T
z
L

+ f ($ ) : (17.15)

(a) Useequation (17.9) to show that

f =
�vR2� T

2�L

�
3
4

�
r 2

R2
+

1
4

r 4

R4

�
: (17.16)

(b) Derive an expressionfor the conductive heat 
ux through the walls of the pipe and
show that the ratio of the heat escapingthrough the walls to that convected by the

uid is � T=T. (Ignore the in
uence of the temperature gradient on the velocity �eld
and treat the thermal di�usivit y and speci�c heat asconstant throughout the 
o w.)

(c) Considera nuclear reactor in which 10kW of power has to be transported through a
pipe carrying liquid sodium. If the reactor temperature is � 1000K and the exterior
temperature is room temperature, estimate the 
o w of liquid sodium necessaryto
achieve the necessarytransport of heat

.

Exercise 17.4 Problem: Thermal Boundary Layers
In Sec.13.4,we introducedthe notion of a laminar boundary layer by analyzing 
o w past a
thin plate. Now supposethat this sameplate is maintained at a di�erent temperature from
the free 
o w. A thermal boundary layer will be formed, in addition to the viscousboundary
layer, which we presumeto be laminar. Thesetwo boundary layerswill both extendoutward
from the wall but will (usually) have di�erent thicknesses.

(a) Explain why their relative thicknessesdepend on the Prandtl number.
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(b) UsingEq. (17.10),show that in order of magnitudethe thicknessof the thermal bound-
ary layer, � T , is given by

v(� T )� 2
T = `� ;

wherev(� T ) is the 
uid velocity parallel to the plate at the outer edgeof the thermal
boundary layer and ` is the distancedownstreamfrom the leadingedge.Let V be the
freestream
uid velocity and � T be the temperature di�erence betweenthe plate and
the body of the 
o w.

(c) Estimate � T in the limits of large and small Prandtl numbers.

(d) What will be the boundary layer's temperature pro�le when the Prandtl number is
exactly unity?

****************************

17.3 Boussinesq Appro ximation

When the heat 
uxes aresu�cien tly small, wecanuseEq. (17.9) to solve for the temperature
distribution in a given velocity �eld, ignoring the feedback of the thermal e�ects onto the
velocity. However, if we imagine increasingthe 
o w's temperature di�erences so the heat

uxes alsoincrease,at somepoint thermal feedback e�ects will beginto in
uence the velocity
signi�cantly. The �rst feedback e�ect to occur is typically that of buoyancy, the tendencyof
the hotter (and hencelower-density) 
uid to rise in a gravitational �eld and the colder (and
hencedenser)
uid to descend.3 In this section,we shall describe the e�ects of buoyancy as
simply aspossible.The minimal approach, which is adequatesurprisingly often, is calledthe
Boussinesqapproximation. It canbeusedto describemany laboratory 
o wsand atmospheric

o ws, and somegeophysical 
o ws.

The type of 
o ws for which the Boussinesqapproximation is appropriate are those in
which the fractional density changesare small (j� � j � � ). By contrast, the velocity can
undergo large changes. However, as the density changesfollowing a 
uid element must be
small, � � 1d�=dt ' 0, we can approximate the equation of continuity (mass conservation)
d�=dt + � r � v = 0 by the \incompressibility" relation

r � v = 0 : (17.17)

This doesnot mean that the density is constant. Rather, it meansthat the solesignif-
icant causeof density changesis thermal expansion. In discussingthermal expansion,it is
convenient to introducea referencedensity � 0 and referencetemperature T0, equal to some
mean of the density and temperature in the region of 
uid that one is studying. We shall

3This e�ect is put to good use in a domestic \gra vit y-fed" warm-air circulation system. The furnace
generally residesin the basement not the attic!



9

denote by � � T � T0 the perturbation of the temperature away from its referencevalue.
The thermally perturbed density can then be written as

� = � 0(1 � � � ) ; (17.18)

where� is the thermal expansioncoe�cien t for volume4 [evaluated at constant pressurefor
the samereasonas CP was at constant pressurein the paragraphfollowing Eq. (17.9)]:

� = �
�

@ln �
@T

�

P

: (17.19)

Equation (17.18) enablesus to eliminate density perturbations as an explicit variable and
replacethem by temperature perturbations.

Turn, now, to the Navier-Stokesequation(11.55)in a uniform external gravitational �eld:

dv
dt

= �
r P

�
+ ge + � r 2v : (17.20)

We expandthe pressure-gradient term as

�
r P

�
' �

r P
� 0

(1 + � � ) ; (17.21)

and, asin our analysisof rotating 
o ws [Eqs.(15.42)and (15.43a)],we introducean e�ective
pressure designedto compensatefor the �rst-order e�ects of the uniform gravitational �eld:

P0 = P + � 0� e = P � � 0ge � x : (17.22)

(Notice that P 0 measuresthe amount the pressuredi�ers from the value it would have in
supporting a hydrostatic atmosphereof the 
uid at the referencedensity.) The Navier-Stokes
equation (17.20) then becomes

dv
dt

= �
r P0

� 0
� � � ge + � r 2v ; (17.23)

dropping the small term O(� P 0). In words, a 
uid element acceleratesin response to a
buoyancy force which is the sum of the �rst and secondterms on the right hand side of
Eq. (17.23), and a viscousforce.

In order to solve this equationwe must beable to solve for the temperature perturbation,
� . This evolvesaccordingto the standard equation of heat di�usion, Eq. (17.10):

d�
dt

= � r 2� : (17.24)

Equations (17.17), (17.23) and (17.24) are the equationsof 
uid 
o w in the Bousinesqap-
proximation; they control the coupled evolution for the velocity v and the temperature
perturbation � . We shall now usethem to discussfreeconvection in a laboratory apparatus.

4Note that � is three times larger than the thermal expansioncoe�cien t for the linear dimensionsof the

uid.
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z

x
d

T0- T/2

T0+ T/2

Fig. 17.1: Rayleigh-Bernard convection. A 
uid is con�ned between two horizontal surfaces
separatedby a vertical distance d. When the temperature di�erence betweenthe two plates � T is
increasedsu�cien tly, the 
uid will start to convect heat vertically. The referencee�ectiv e pressure
P0

0 and referencetemperature T0 are the valuesof P 0 and T measuredat the midplane z = 0.

17.4 Rayleigh-Bernard Con vection

In a relatively simple laboratory experiment to demonstrateconvection, a 
uid is con�ned
between two rigid plates a distanced apart, each maintained at a �xed temperature, with
the upper plate cooler than the lower by � T. When � T is small, viscousstresses,together
with the no-slip boundaryconditionsat the plates, inhibit circulation; so,despitethe upward
boyancy forceon the hotter, less-dense
uid near the bottom plate, the 
uid remainsstably
at rest with heat being conducteddi�usiv ely upward. If the plates' temperature di�erence
� T is gradually increased,the buoyancy becomesgradually stronger. At somecritical � T
it will overcomethe restraining viscousforces,and the 
uid will start to circulate (convect)
betweenthe two plates. Our goal is to determine the critical temperature di�erence � Tcrit

for the onsetof convection.
We now make somephysical arguments to simplify the calculation of � Tcrit . From our

experiencewith earlier instabilit y calculations,especially thoseinvolving elasticbifurcations
(Sec. 10.8 and the end of Sec.11.3), we anticipate that for � T < � Tcrit the responseof
the equilibrium to small perturbations will be oscillatory (i.e., will have positive squared
eigenfrequency! 2), while for � T > � Tcrit , perturbations will grow exponentially (i.e., will
have negative ! 2). Correspondingly, at � T = � Tcrit , ! 2 for somemode will be zero. This
zero-frequencymode will mark the bifurcation of equilibria from one with no 
uid motions
to onewith slow, convective motions. We shall search for � Tcrit by searching for a solution
to the Bousinesqequations(17.17), (17.23) and (17.24) that represents this zero-frequency
mode. In those equationswe shall choosefor the referencetemperature T0, density � 0 and
e�ective pressureP0 the valuesat the midplane betweenthe plates, z = 0; cf. Fig. 17.1.

The unperturbedequilibrium, when� T = � Tcrit , is a solution of the Bousinesqequations
(17.17), (17.23) and (17.24) with vanishing velocity, a time-independent vertical tempera-
ture gradient dT=dz = � � T=d, and a compensating, time-independent, vertical pressure
gradient:

v = 0 ; � = T � T0 = �
� T
d

z ; P0 = P0
0 + ge� 0�

� T
d

z2

2
: (17.25)
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When the zero-frequencymodeis present, the velocity v will benonzero,and the temperature
and e�ective pressurewill have additional perturbations � � and � P 0:

v 6= 0 ; � = T � T0 = �
� T
d

z + � � ; P0 = P0
0 + ge� 0�

� T
d

z2

2
+ � P0 : (17.26)

The perturbations v, � � and � P 0aregovernedby the Boussinesqequationsand the boundary
conditions v = 0 (no-slip) and � � = 0 at the plates, z = � d=2. We shall manipulate thesein
such a way as to get a partial di�erential equation for the scalar temperature perturbation
� � by itself, decoupledfrom the velocity and the pressureperturbation.

Consider,�rst, the result of inserting expressions(17.26)into the Bousinesq-approximated
Navier-Stokes equation (17.23). Becausethe perturbation mode has zero frequency, @v=@t
vanishes;and becausev is extremely small, we can neglect the quadratic advective term
v � r v , thereby bringing Eq. (17.23) into the form

r � P0

� 0
= � r 2v � ge� � � : (17.27)

We want to eliminate � P 0 from this equation. The other Bousinesqequations are of no
help for this, since � P0 is absent from them. When we dealt with with sound waves, we
eliminated � P using the equation of state P = P(�; T); but in the present analysis our
Bousinesqapproximation insists that the only signi�cant changesof density are those due
to thermal expansion,i.e. it neglectsthe in
uence of pressureon density, so the equation of
state cannot help us. Lacking any other way to eliminate � P 0, we employ a very common
trick: we take the curl of Eq. (17.27). As the curl of a gradient vanishes,� P 0 drops out. We
then take the curl onemore time and usethe fact that r � v = 0 to obtain

� r 2(r 2v) = � gr 2� � � � (g � r )r � � : (17.28)

Turn, next, to the Bousinesqversion of the equation of heat transport, Eq. (17.24).
Inserting into it Eqs. (17.26) for � and v, setting @� � =@t to zero becauseour perturbation
haszero frequency, linearizing in the perturbation, and using ge = � geez, we obtain

vz� T
d

= � � r 2� � : (17.29)

This is an equation for the vertical velocity vz in terms of the temperature perturbation � � .
By inserting this vz into the z component of Eq. (17.28), we achieve our goal of a scalar
equation for � � alone:

� � r 2r 2r 2� � =
� ge� T

d

�
@2� �
@x2

+
@2� �
@y2

�
: (17.30)

This is a sixth order di�erential equation,even more formidable than the fourth order equa-
tions that arise in the elasticity calculationsof Chaps.10 and 11. We now seehow prudent
it was to make simplifying assumptionsat the outset!
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The di�erential equation (17.30) is, however, linear, and we can seeksolutions using
separationof variables. As the equilibrium is unboundedhorizontally, we look for a single
horizontal Fourier component with somewave number k; i.e., we seeka solution of the form

� � / exp(ik x)f (z) ; (17.31)

wheref (z) is someunknown function. Such a � � will be accompaniedby motions v in the
x and z directions (i.e., vy = 0) that also have the form vj / exp(ik z)f j (z) for someother
functions f j (z).

The anszatz(17.31) converts the partial di�erential equation (17.31) into the single or-
dinary di�erential equation

�
d2

dz2
� k2

� 3

f +
Ra k2f

d4
= 0 ; (17.32)

wherewe have introducedyet another dimensionlessnumber

Ra =
� ge� Td3

� �
(17.33)

calledthe Rayleighnumber. By virtue of the relation (17.29)betweenvz and � � , the Rayleigh
number is a measureof the ratio of the strength of the buoyancy term � � � ge to the viscous
term � r 2v in the Bousinesqversion(17.23) of the Navier-Stokesequation:

Ra �
buoyancy force
viscousforce

: (17.34)

The general solution of Eq. (17.32) is an arbitrary, linear combination of three sine
functions and three cosinefunctions:

f =
3X

n=1

An cos(� nkz) + Bn sin(� nkz) ; (17.35)

wherethe dimensionlessnumbers � n are given by

� n =

" �
Ra

k4d4

� 1=3

e2� ni= 3 � 1

#1=2

; n = 1; 2; 3 ; (17.36)

which involves the three cube roots of unity, e2� ni= 3. The valuesof �v e of the coe�cien ts
An , Bn are �xed in terms of the sixth (an overall arbitrary amplitude) by �v e boundary
conditions at the bounding plates, and a sixth boundary condition then determines the
critical temperature di�erence � Tcrit (or equivalently, the critical Rayleigh number Racrit )
at which convection setsin.

The six boundary conditions are: (i) The requirement that the 
uid temperature be the
sameas the plate temperature at each plate, so � � = 0 at z = � d=2. (ii) The no-slip
boundary condition vz = 0 at each plate which, by virtue of Eq. (17.29) and � � = 0 at the
plates, translates into � � ;zz = 0 at z = � d=2 (where the indicesafter the commaare partial



13

derivatives). (iii) The no-slipboundarycondition vx = 0, which by virtue of incompressibility
r �v = 0 implies vz;z = 0 at the plates,which in turn by Eq. (17.29)implies � � ;zzz + � � ;zzx = 0
at z = � d=2.

It is straightoforward but computationally complexto imposethesesix boundary condi-
tions and from them deducethe critical Rayleigh number for onsetof convection; seePellew
and Southwell (1940). Rather than present the nasty details, we shall switch to a toy prob-
lem in which the boundary conditions are adjusted to give a simpler solution, but onewith
the samequalitativ e featuresasfor the real problem. Speci�cally, we shall replacethe no-slip
condition (iii) (vx = 0 at the plates) by a condition of no shear,(iii') vx;z = 0 at the plates.
By virtue of incompressibility r � v = 0, the x derivative of this translates into vz;zz = 0,
which by Eq. (17.29) translates to � � ;zzxx + � � ;zzzz = 0. To recapitulate, we seeka solution
of the form (17.35), (17.36) that satis�es the boundary conditions (i), (ii), (iii').

The terms in Eq. (17.35) with n = 1; 2 always have complexarguments and thus always
have z dependencesthat are products of hyperbolic and trigonometric functions with real
arguments. For n = 3 and large enoughRayleigh number, � 3 is positive and the solutions
are pure sinesand cosines.Let us just considerthe n = 3 terms alone, in this regime,and
imposeboundary condition (i), that � � = 0 at the plates. The cosineterm by itself,

� � = constant � cos(� 3kz) eik x ; (17.37)

satis�es this, if we set

� 3kd
2

�

" �
Ra

k4d4

� 1=3

� 1

#1=2

= (m + 1=2)� ; (17.38)

wherem is an integer. It is straightforward to show, remarkably, that Eqs. (17.37), (17.38)
alsosatisfy boundary conditions (ii) and (iii'), so they solve the toy versionof our problem.

As � T is gradually increasedfrom zero,the Rayleigh number Ra gradually grows,passing
oneafter another through the sequenceof values(17.38)with m = 0; 1; 2; ::: (for any chosen
k). At each of thesevaluesthere is a zero-frequency, circulatory mode of 
uid motion with
horizontal wave number k, which is passingfrom stabilit y to instabilit y. The �rst of these,
m = 0, represents the onsetof circulation for the chosenk, and the Rayleigh number at this
onset [Eq. (17.38) with m = 0] is

Ra =
(k2d2 + � 2)3

k2d2
: (17.39)

This Ra(k) relation is plotted asa thick curve in Fig. 17.2.
Notice in Fig. 17.2that there is a critical Rayleigh number Racrit below which all modes

arestable, independent of their wave numbers,and above which modesin somerangekmin <
k < kmax are unstable. From Eq. (17.39) we deducethat, for our toy problem, Racr it =
27� 4=4 ' 660.

When oneimposesthe correctboundary conditions(i), (ii), (iii) [insteadof our toy choice
(i), (ii), (iii')] and works through the nasty details of the computation, oneobtains a Ra(k)
relation that looks qualitativ ely the sameas Fig. 17.2, one deducesthat convection should



14

k

RaRacrit

real

Stabil ity

imaginary
Instabil ity

= 0
Marginal

Stabil ity

kcrit

Fig. 17.2: Horizontal wave number k of the �rst mode to go unstable, as a function of Rayleigh
number, Ra. Along the solid curve the mode haszero frequency;to the left of the curve it is stable,
to the right it is unstable. Racr it is the minimum Rayleigh number for convective instabilit y.

Fig. 17.3: Hexagonalconvection cells in Rayleigh-B�ernard convection. The 
uid, which is visual-
ized using aluminum powder, risesat the centers of the hexagonsand falls around the edges.

set in at Racrit ' 1700,which agreesreasonablywell with experiment. One can carry out
the samecomputation with the 
uid's upper surfacefree to move (e.g., due to placing air
rather than a solid plate at z = d=2). Such a computation predicts that convection begins
at Racrit ' 1100,though in practice surfacetension is usually important and its e�ect must
be included.

One feature of these critical Rayleigh numbers is very striking. Becausethe Rayleigh
number is an estimate of the ratio of buoyancy forces to viscous forces [Eq. (17.34)], an
order-of-magnitude analysis suggeststhat convection should set it at Ra � 1|whic h is
wrong by three ordersof magnitude! This providesa vivid reminder that order-of-magnitude
estimatescanbequite inaccurate. In this case,the main reasonfor the discrepancyis that the
convective onset is governed by a sixth-order di�erential equation (17.30), and thus is very
sensitive to the lengthscaled usedin the order-of-magnitudeanalysis. If wechoosed=� rather
than d as the length scale,then an order-of-magnitudeestimatecould give Ra � � 6 � 1000,
a much more satisfactory value.

Once convection has set in, the unstable modes grow until viscosity and nonlinearities
stabilize them, at which point they carry far moreheat upward betweenthe platesthan does
conduction. The convection's velocity pattern depends,in practice, on the manner in which
the heat is applied and the temperature dependenceof the viscosity. For a limited range
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of Rayleigh numbers near Racrit , it is possibleto excite a hexagonalpattern of convection
cells as shown in Fig. 17.3. When the Rayleigh number becomesvery large, the convection
becomesfully turbulent and we must introduce an e�ective turbulent viscosity to replace
the molecularviscosity (cf. Chap. 14).

Free convection, like that in this laboratory experiment, also occurs in meteorological
and geophysical 
o ws. For examplefor air in a room, the relevant parametervaluesare � =
1=T � 0:003K � 1 (Charles' Law), and � � � � 10� 5 m2 s� 1, sothe Rayleigh number is Ra �
3� 108(� T=1K)(d=1m)3. Convection in a room thus occursextremely readily, even for small
temperature di�erences. In fact, so many modesof convective motion can be excited that
heat-driven air 
o w is invariably turbulent. It is thereforecommonin everyday situations to
describe heat transport usinga phenomenologicalturbulent thermal conductivity (cf. section
14.3). A further exampleis given in Box 17.1.

****************************

EXER CISES

Exercise 17.5 Problem: Critic al RayleighNumber
Estimate the temperature to which pansof oil (� � 10� 5 m2 s� 1, Pr� 3000),water (� � 10� 6

m2 s� 1, Pr� 6) and mercury (� � 10� 7 m2 s� 1, Pr� 0:02) would have to be heatedin order
to convect. Assumethat the upper surfaceis at room temperature. Do not perform this
experiment with mercury!

Exercise 17.6 Problem: Width of Thermal Plume
Consider a two dimensional thermal plume transporting heat away from a hot knife edge.
Introduce a temperature de�cit � T(z) measuringthe typical di�erence in temperature be-
tween the plume and the surrounding 
uid at height z above the knife edge,and let � p(z)
be the width of the plume at height z.

(a) Show that energy conservation implies the constancyof � p� T �vz, where �vz(z) is the
plume's meanvertical speedat height z.

(b) Make an estimate of the buoyancy accelerationand usethis to estimate �vz.

(c) UseEq. (17.24) to relate the width of the plume to the speed. Hence,show that the
width of the plume scalesas � p / z2=5 and the temperature de�cit as � T / z� 3=5.

(d) Repeat this exercisefor a three dimensionalplume above a hot spot.

****************************
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Box 17.1
Man tle Convection and Con tinen tal Drift

As is now well known, the continents drift over the surfaceof the globeon a timescale
of roughly a hundred million years. Despite the clear geographicalevidencethat the
continents �t together, geophysicists were, for a long while, skeptical that this occured
becausethey wereunableto identify the forcesresponsiblefor overcomingthe visco-elastic
resilienceof the crust. It is now known that thesemotions are in fact slow convective
circulation of the mantle driven by internally generatedheat from the radioactive decay
of unstable isotopes,principally uranium, thorium and potassium.

When the heat is generatedwithin the convective layer, rather than passively trans-
ported from below, we must modify our de�nition of the Rayleigh number. Let the heat
generatedper unit massper unit time be Q. In the analog of our laboratory analysis,
wherethe 
uid is assumedmarginally unstable to convective motions, this Q will gener-
ate a heat 
ux � �Qd , which must be carried di�usiv ely. Equating this 
ux to � � T=d,
we can solve for the temperature di�erence � T between the lower and upper edgesof
the convective mantle: � T � �Qd 2=� . Inserting this � T into Eq. (17.33), we obtain a
modi�ed expressionfor the Rayleigh number

Ra0 =
� �g Qd5

���
: (1)

Let us now estimatethe valueof Ra0 for the earth's mantle. The mantle's kinematic

viscosity can be measuredby post-glacial rebound studies (cf. Ex. 13.5) to be � 1017

m2 s� 1. We can usethe rate of attenuation of diurnal and annual temperature variation
with depth in surfacerock to estimate a thermal di�usivit y � � 10� 6 m2 s� 1. Direct
experiment furnishesan expansioncoe�cien t, � � 3 � 10� 5 K � 1. The thicknessof the
upper mantle is roughly 700 km and the rock density is about 4000kg m� 3. The rate
of heat generationcan be estimateboth by chemicalanalysisand direct measurement at
the earth's surfaceand turns out to be Q � 10� 11 W kg� 1. Combining thesequantities,
we obtain an estimatedRayleigh number Ra0 � 106, well in excessof the critical valuefor
convection under free slip conditions which evaluatesto 868(Turcote & Schubert 1982).
For this reason,it is now believed that continental drift is driven primarily by mantle
convection.

17.5 Con vection in Stars

The sun and other stars generateheat in their interiors by nuclear reactions. In most stars,
the internal energyis predominantly in the form of hot hydrogenand helium ions and their
electrons,while the thermal conductivity is due primarily to di�using photons (Sec.2.8),
which have much longer mean free paths than the ions and electrons. When the photon
mean free path becomessmall due to high opacity (as happens in the outer 30 per cent of
the sun; Fig. 17.4), the thermal conductivity goesdown, so in order to transport the heat
from nuclear burning, the star develops an increasingly steep temperature gradient. The
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star may then becomeconvectively unstableand transport its energyfar more e�cien tly by
circulating its hot gasthan it could have by photon di�usion. Describing this convection is
a key step in understandingthe interiors of the sun and other stars.

PhotosphereConvection
Zone

Core

Fig. 17.4: A convection zoneoccupiesthe outer 30 per cent of a solar-type star.

A heuristic argument provides the basis for a surprisingly simple description of this
convection. As a foundation for our argument, let us identify the relevant physics:

First: the pressurewithin stars varies through many ordersof magnitude; typically 1012

for the sun. Therefore, we cannot use the Boussinesqapproximation; instead, as a 
uid
element risesor descends,we must must allow for its density to changein responseto large
changesof the surrounding pressure. Second:The convection involves circulatory motions
on such large scalesthat the attendant shearsare small and viscosity is thus unimportant.
Third: Becausethe convection is driven by ine�ectiv enessof conduction, we can idealize
each 
uid element as retaining its heat as it moves, so the 
o w is adiabatic. Fourth, the
convection will usually bevery subsonic,assubsonicmotionsareeasilysu�cien t to transport
the nuclear-generatedheat, exceptvery closeto the solar surface.

Our heuristic argument, then, focuseson convecting 
uid blobs that move through the
star's interior very subsonically, adiabatically, and without viscosity. As the motion is sub-
sonic, each blob will remain in pressureequilibrium with its surroundings. Now, suppose
we make a virtual interchangebetweentwo blobs at di�erent heights (Fig. 17.5). The blob
that rises(blob B in the �gure) will experiencea decreasedpressureand thus will expand,
so its density will diminish. If its density after rising is lower than that of its surroundings,
then it will be buoyant and continue to rise. Conversely, if the risen blob is denserthan its
surroundings,then it will sink back to its original location. Therefore,a criterion for convec-
tive instabilit y is that the risen blob has lower density than its surroundings. Sincethe blob
and its surroundingshave the samepressure,and sincethe entropy s per unit massof gasis
larger, the lower is its density (there being more phasespaceavailable to its particles), the

uid is convectively unstable if the risen blob has a higher entropy than its surroundings.
Now, the blob's motion wasadiabatic, soits entropy per unit masss is the sameafter it rises
asbefore. Therefore,the 
uid is convectively unstable if the entropy per unit masss at the
location wherethe blob began(lower in the star) is greaterthan that at the location to which
it rose(higher in the star); i.e., the star is convectively unstableif its entropy per unit mass
decreasesoutward, ds=dr < 0. For small blobs, this instabilit y will be counteracted by both
viscosity and heat conduction; but for large blobs viscosity and conduction are ine�ectiv e,
and the convection proceeds.

When building stellar models, astrophysicists �nd it convenient to determine whether
a region of a model is convectively unstable by computing what its structure would be
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Fig. 17.5: Convectively unstable interchange of two blobs in a star. Blob B rises to the former
position of blob A and expandsadiabatically to match the surrounding pressure.The entropy per
unit massof the blob is higher than that of the surrounding gasand sothe blob hasa lower density.
It will therefore be buoyant and continue to rise. Similarly, blob A will continue to sink.

without convection, i.e., with all its heat carried radiatively. That computation givessome
temperature gradient dT=dr. If this computeddT=dr is superadiabiatic, i.e., if

�
d ln T
d ln r

>
�

@ln T
@ln P

�

s

�
�

d ln P
d ln r

�
� �

�
d ln T
d ln r

�

s

; (17.40)

then correspondingly the entropy s decreasesoutward, and the star is convectively unstable.
This is known as the Schwarzschildcriterion for convection, sinceit was formulated by the
sameKarl Schwarzschild as discovered the Schwarzschild solution to Einstein's equations
(which describesa nonrotating black hole; Chap. 25).

In practice, if the star is convective, then the convection is usually so e�cien t at trans-
porting heat that the actual temperature gradient is only slightly superadiabatic; i.e., the
entropy s is nearly independent of radius|it decreasesoutward only very slightly. (Of course,
the entropy can increasesigni�cantly outwards in a convectively stablezonewhereradiative
di�usion is adequateto transport heat.)

We can demonstratethe e�ciency of convection by estimating the convective heat 
ux
when the temperature gradient is slightly superadiabatic, i.e., when � jr Tj � j(dT=dr)j �
j(dT=dr)sj is slightly positive. As a tool in our estimate,we introducethe conceptof the mix-
ing length, denotedby l|the typical distancea blob travelsbeforebreakingup. As the blob
is in pressureequilibrium, we canestimateits fractional density di�erence from its surround-
ings by � �=� � � T=T � � jr Tjl=T. Invoking Archimedes'principle, we estimate the blob's
accelerationto be � ge� �=� � ge� jr T jl=T (where ge is the local accelerationof gravit y),
and hencethe averagespeedwith which a blob risesor sinks will be �v � (g� jr Tj=T)1=2l .
The convective heat 
ux is then given by

Fconv � CP � �vl � jr T j

� CP � (g=T)1=2(� jr T j)3=2l2 : (17.41)
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We can bring this into a more useful form, accurate to within factors of order unity, by
setting the mixing length equal to the pressurescaleheight l � H = jdr=dln Pj as is usually
the casein the outer parts of a star, setting Cp � h=T whereh is the enthalpy per unit mass
[cf. the �rst law of thermodynamics,Eq. (3) of Table 12.1],setting ge = � (P=� )d ln P=dr �
c2jd ln P=drj [cf. the equation of hydrostatic equilibrium (12.11) and Eq. (15.67d) for the
speedof sound c], and setting jr Tj � jdT=drj � Td ln P=dr. The resulting expressionfor
Fconv can then be inverted to give

j� r Tj
jr Tj

�
�

Fconv

h�c

� 2=3

�

 
Fconv

5
2P

p
kB T=mp

! 2=3

: (17.42)

Herethe last expressionis obtained from the fact that the gasis fully ionized,soits enthalpy
is h = 5

2P=� and its speed of sound is about the thermal speed of its protons (the most
numerous massive particle), c �

p
kB T=mp (with kB Boltzmann's constant and mp the

proton rest mass).
It is informative to apply this estimateto the convection zoneof the sun (the outer � 30

per cent of its radius; Fig. 17.4). The luminosity of the sun is � 4 � 1026 W and its radius
is 7 � 105 km, so its convective energy 
ux is Fconv � 108 W m� 2. Consider, �rst, the
convection zone'sbase.The pressurethere is P � 1 TPa and the temperature is T � 106 K,
so Eq. (17.42) predicts j� r Tj=jr Tj � 3 � 10� 6; i.e., the temperature gradient at the base
of the convection zoneneedonly be superadiabatic by a few parts in a million in order to
carry the solar energy
ux.

By contrast, at the top of the convection zone(which is nearly at the solar surface),the
gaspressureis only � 10 kPa and the soundspeedis � 10 km s� 1, soh�c � 108W m� 2, and
j� r Tj=jr Tj � 1; i.e., the temperaturegradient must depart signi�cantly from the adiabatic
gradient in order to carry the heat. Moreover, the convective elements, in their struggle to
carry the heat, move with a signi�cant fraction of the sound speedso it is no longer true
that they are in pressureequilibrium with their surroundings. A more sophisticatedtheory
of convection is thereforenecessarynear the solar surface.

Convection is very important in someother types of stars. It is the primary meansof
heat transport in the coresof starswith high massand high luminosity, and throughout very
young stars beforethey start to burn their hydrogen in nuclear reactions.

****************************

EXER CISES

Exercise 17.7 Problem: Radiative Transport
The density and temperature in the interior of the sun are roughly 0:1 kg m� 3 and 1:5� 107

K.

(a) Estimate the central gaspressureand radiation pressureand their ratio.

(b) The meanfreepath of the radiation is determinedalmost equally by Thomsonscatter-
ing, bound-freeabsorption and free-freeabsorption. Estimate numerically the photon
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mean free path and henceestimate the photon escape time and the luminosity. How
well do your estimatescomparewith the known valuesfor the sun?

Exercise 17.8 Problem: Bubbles
Consider a small bubble of air rising slowly in a large expanseof water. If the bubble is
large enoughfor surfacetension to be ignored, then it will form an irregular cap of radius
r . Show that the speedwith which the bubble risesis roughly � (ger )1=2. (A more re�ned
estimate givesa numerical coe�cien t of 2=3.)

****************************

17.6 Double Di�usion | Salt Fingers

Convection, as we have described it so far, is driven by the presenceof an unbalanced
buoyancy force in an equilibrium distribution of 
uid. However, it can alsoariseasa higher
order e�ect even if the 
uid is stably strati�ed, i.e. if the density gradient is in the same
direction as gravit y. An example is salt �ngering , a rapid mixing that can occur when
warm, salty water lies at rest above colder freshwater. The higher temperature of the upper

uid initially outbalancesthe weight of its salt, making it morebuoyant than the freshwater
below. However, the heat di�uses downward faster than the salt, enablinga density inversion
gradually to develop and the salt-rich 
uid to begin a slow interchangewith the salt-poor

uid below.

It is possibleto describe this instabilit y using a local perturbation analysis. The set up
is somewhatsimilar to the onewe usedin Sec.12.5to analyzeRayleigh-Bernardconvection:
We considera strati�ed 
uid in which there is a vertical gradient in the temperature, and as
before,we measureits departure from a referencetemperature T0 at a midplane (z = 0) by
� � T � T0. We presumethat in the equilibrium � varieslinearly with z, sor � = (d� =dz)ez

is constant. Similarly, we characterize the salt concentration by C � (concentration) �
(equilibrium concentration at the mid plane), and we assumethat in equilibrium C like �
varies linearly with height, so r C = (dC=dz)ez is constant. The density � will be equal to
the equilbrium density at the midplane plus correctionsdue to thermal expansionand due
to salt concentration

� = � 0 � � � 0� + � � 0C (17.43)

[cf. Eq. (17.21)]. Here � is a constant for concentration analogousto the thermal expansion
coe�cien t � for temperature. In this problem,by contrast with Rayleigh-Bernardconvection,
it is easierto work directly with the pressurethan the modi�ed pressure. In equilibrium,
hydrostatic equilibrium dictates that its gradient be r P = � � ge.

Now, let us perturb about thesevaluesand write down the linearized equationsfor the
evolution of the perturbations. We shall denotethe perturbation of temperature (relative to
the referencetemperature) by � � , of salt concentration by � C, of density by � � , of pressure
by � P, and of velocity by simply v sincethe unperturbed state hasv = 0. We shall not ask
about the onsetof instabilit y, but rather (becausewe expect our situation to be generically
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unstable) we shall seeka dispersion relation ! (k) for the perturbations. Correspondingly,
in all our perturbation equationswe shall replace@=@t with � i! and r with ik, except for
the equilibrium r C and r � which are constants.

The �rst of our perturbation equationsis the linearizedNavier Stokesequation

� i! � 0v = � ik� P + ge� � � � k2� v ; (17.44)

wherewe have kept the viscousterm becausewe expect the Prandtl number to be of order
unity (for water Pr � 6). Low velocity implies incompressibity r � v = 0, which becomes

k � v = 0 : (17.45)

The density perturbation follows from the perturbed form of Eq. (17.43)

� � = � � �� � + � �� C : (17.46)

The temperature perturbation is governedby Eq. (17.24) which linearizesto

� i! � � + (� v � r )� = � �k 2� � : (17.47)

Assumingthat the timescalefor the salt to di�use is much longer than that the temperature
to di�use, we can ignore salt di�usion all together so that d� C=dt = 0, which becomes

� i! � C + (� v � r )C = 0 (17.48)

Equations (17.44){(17.48)are �v e equationsfor the �v e unknowns � P; � �; � C; � T; v , one
of which is a three component vector! Unlesswe are careful, we will end up with a seventh
order algebraicequation. Fortunately, there is a way to keepthe algebramanageable.First,
we eliminate the pressureperturbation by taking the curl of Eq. (17.44) [or equivalently by
crossingk into Eq. (17.44)]:

(� i! + � k2)� k � v = k � g� � (17.49)

Taking the curl of this equation again allows us to incorporate incompressibility (17.45):

(i! � � k2)�k 2ge � v = [(k � g)2 � k2g2]� � : (17.50)

Sincege points vertically, this is one equation for the density perturbation in terms of the
vertical velocity perturbation vz . We can obtain a secondequation of this sort by inserting
Eq. (17.47) for � � and Eq. (17.48) for � C into Eq. (17.46); the result is

� � = �
�

� �
i! � �k 2

�
(v � r )� +

� �
i!

(v � r )C : (17.51)

Since the unperturbed gradients of temperature and salt concentration are both vertical,
Eq. (17.51), like (17.50), involvesonly vz and not vx or vy. Solving both (17.50)and (17.51)
for the ratio � �=v z and equating thesetwo expressions,we obtain the following dispersion
relation for our perturbations:

! (! + i� k2)( ! + i�k 2) +
�
1 �

(k � g)2

k2g2

�
[! � (g � r )� � (! + i�k 2)� (g � r )C] = 0 : (17.52)
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Fig. 17.6: Salt Fingers in a 
uid in which warm, salty water lies on top of cold fresh water.

When k is real, as we shall assume,we can write this dispersion relation as a cubic
equation for p = � i! with real coe�cien ts. The roots for p are either all real or one real
and two complexconjugates,and growing modeshave the real part of p positive. When the
constant term in the cubic is negative, i.e. when

(g � r )C < 0 ; (17.53)

we are guaranteed that there will be at least one positive, real root p and this root will
correspond to an unstable,growing mode. Therefore,a su�cien t condition for instabilit y is
that the concentration of salt increasewith height!

By inspecting the dispersionrelation we concludethat the growth rate will be maximal
whenk � g = 0, i.e. when the wave vector is horizontal. What is the direction of the velocity
v for thesefastestgrowing modes?Incompressibility (17.45)says that v is orthogonal to the
horizontal k; and Eq. (17.49) says that k � v points in the samedirection as k � g, which
is horizontal sinceg is vertical. Thesetwo conditions imply that v points vertically. Thus,
these fastest modes represent �ngers of salty water descendingpast rising �ngers of fresh
water; cf. Fig. 17.6. For large k (narrow �ngers), the dispersion relation (17.52) predicts a
growth rate given approximately by

i! �
� (g � r )C

� k2
: (17.54)

Thus, the growth of narrow �ngers is driven by the concentration gradient and retarded by
viscosity. For larger �ngers, the temperature gradient will participate in the retardation,
sincethe heat must di�use in order to break the buoyant stabilit y.

Now let us turn to the nonlinear development of this instabilit y. Although we have just
considereda singleFourier mode, the �ngers that grow are roughly cylindrical rather than
sheet-like. They lengthen at a rate that is slow enoughfor the heat to di�use horizontally,
though not so slow that the salt can di�use. Let the di�usion coe�cien t for the salt be � C

by analogy with � for temperature. If the length of the �ngers is L and their width is � f ,
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then to facilitate heat di�usion and prevent salt di�usion, the vertical speedv must satisfy

� C L
� 2

f

� v �
� L
� 2

f

: (17.55)

Balancing the viscousaccelerationv� =� 2
f by the buoyancy accelerationge� � C, we obtain

v �
ge� � C� 2

f

�
: (17.56)

We can thereforere-write Eq. (17.55) as
�

� C � L
ge� � C

� 1=4

� � f �
�

�� L
ge� � C

� 1=4

: (17.57)

Typically, � C � 0:01� , so Eq. (17.57) implies that the widths of the �ngers lie in a narrow
range,as is veri�ed in laboratory experiments.

Salt �ngering can alsooccur naturally, for examplein an estuary wherecold river water

o ws beneath seawater warmed by the sun. However, the development of salt �ngers is
quite slow and in practice it only leadsto mixing when the equilibrium velocity �eld is very
small. This instabilit y is oneexampleof a quite generaltype of instabilit y known asdouble
di�usion which canarisewhentwo physicalquantities candi�use through a 
uid at di�erent
rates. Other examplesinclude include the di�usion of two di�erent solutesand the di�usion
of vorticit y and heat in a rotating 
o w.

****************************

EXER CISES

Exercise 17.9 Problem: Laboratory experiment
Make an order of magnitudeestimateof the sizeof the �ngers and the time it takesfor them
to grow in a small transparent jar. You might like to try an experiment.

Exercise 17.10 Problem: Internal Waves
Considera stably strati�ed 
uid at rest and let there be a small (negative) vertical density
gradient, d�=dz.

(a) By modifying the above analysis,ignoring the e�ects of viscosity, heat conduction and
concentration gradients, show that small-amplitude linear waves, which propagate in
a direction making an angle � to the vertical, have an angular frequency given by
! = N j sin� j, where N � [(g � r ) ln � ]1=2 is known as the Brunt-V•ais•al•a frequency.
Thesewavesare called internal waves.

(b) Show that the group velocity of thesewaves is orthogonal to the phasevelocity and
interpret this result physically.

****************************
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