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A. Shocks

Problem 16.7 - Hydrolic jumps and breaking ocean waves

[by Kip Thorne/03, revised by Geoffrey Lovelace]

(a). Behind the wave, at height z,

Py = pg(h2 — 2) (1)

and ahead the wave, under the water the pressure is

Py = pg(hy — z) (2)

Notice that the densities are the same on either side of the shock; this follows
from the fact that the water is incompressible.

Analyze the flow in the rest frame of the breaking wave (the ”shock wave”),
so the speed of upstream water (water closes to the breaker) is v1 = Vppear. Let
v2 be the downstream flow speed away from the breaker. Then

phgvg = phlvl, (3)
and momentum conservation is
hl h2
pvihy —i—/ Pydz = pvahy —I—/ Pydz (4)
0 0
Evaluating the integrals gives
2 Loy 2 L.y
vlhl + §Qh1 = 02h2 + §Qh2 (5)
Equation (3) suggests that we define the dimensionless quantity
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The quantity z is positive and (as can be seen experimentally) less than unity.
Rewriting Eq. (5) in terms of z yields

ghi

1
hiv?a® — 3hi(gh + 203)x? + 21 =0. (7)



The three solutions of this cubic equation are'
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The first solution is trivial; there is no shock. Choosing the negative sign in the
second solution implies that z is negative, which is unphysical. Therefore,

o= 1 (v +VIBFD). ©)

Notice that z is positive. In terms of this quantity,
h
hy = 2 and Vg = V1T. (10)
x

b. Mathematically, we have only two physical quantities to solve for, the
horizontal velocity and height of the flow. Therefore, we should only need two
equations (in this case, momentum conservation and mass conservation).

More physically, energy dissipation by the shock is not relevant to the motion
of the water. For an ideal gas, energy dissipation causes the temperature of
the gas to change as it passes through the shock, which in turn causes the
density of the gas to change. However, the density, height, and flow speed of the
water do not vary significantly due to the (small) temperature change across the
shock. Therefore, you expect that energy conservation is not important when
considering junction conditions for the shock.

c. To show that the flow is supersonic in region 1 and subsonic in region 2,
it is convenient to solve for v; and ve rather than for vy and he (as we did in
part a. This solution is straightforward to obtain; the result is

_ gha(hi + ho) _ @ (h1 + h2)

U1 =/ o Vgh h 2hn (11)
_ Jgha(hi+he) == [hihi+ho

Vg = 72}& = ghg h2 72h2 . (12)

The flow is subsonic in region 2 (downstream) and supersonic in region 1 (up-
stream) provided that the height in region 2 is greater than the height in region
1.

This can be seen experimentally. If you hold a plate under a kitchen tap
with a high flow rate, you can see that water in the upstream region has a
lower height than water in the downstream region. Thus, the flow is subsonic
downstream and supersonic upstream.

IThe dimensionless quantity y must be positive, since g, h1, and vy are all positive. I use
this fact to simplify these solutions.



(d). In part a, we noticed that the velocity of the shock is v;. Therefore,

gha(h1 + h2)
reak — = _— . 1
Vbreak = V1 o0 (13)

Problem 16.11 - Relativistic Shock

[by Geoffrey Lovelace]
a. Begin with the stress tensor of a perfect fluid? T is given by Eq. (1.154)
of the text:
T=Pg+(p+Pluu (14)

Here, p and P are the density and pressure of the fluid when the fluid is at rest.
In index notation,

T" = Pg" + (p + P)u'u?. (15)
The energy flux is (in some frame)
TY = (p+ P)u'u’. (16)
The momentum flux is
TY = P§" + (p + P)u'v? (17)

Now move to the local Lorentz frame at some point in the shock. Choose
coordinates so that the shock is in the yz plane, while the fluid flows in the
x direction (i.e., normal to the shock plane) with a four velocity with compo-
nents (u’, u®, u¥,u*) = (v,u,0,0) where u = yv, with v = v/1 — v2. Then the
conservation laws for energy, momentum, and rest mass are

[T°] = [(pr + P)yu] =0 (18)
[T**] = [P+ (pr + P)u*] =0 (19)
[4] = [mnu] = 0. (20)

Here, j is the rest mass flux flux (the particles of the fluid each have mass m), n
is the number density of particles in the fluid, and I have adopted the notation
of Chapter 16 that says the relativistic density is pg. (As in the text, “[ ]
means “difference across the boundary.”)

The only work that remains is to recast these equations in the form of Egs.
(16.48). The volume per rest mass is related to the number density by

mn:poz(l/V)éV:pi. (21)

Here, p, is the rest mass density of the fluid. Rewriting rest mass conservation
in terms of V' yields

(]

2Just as in Sec. 16.5 of the text, I assume that the fluid is ideal.

=0=u; =mv =75V and ug = v = jVs. (22)




This is Eq. (16.48¢).

Next, recall that pr = po(1 + €), where € is the internal energy per unit rest
mass. (I use the symbol € to avoid confusion with the four velocity component
u defined above.) From this, define n = p; 1(pr + P) =14+ €+ P/p, = 1+ h;
this is the relativistic enthalpy per unit rest mass.

Momentum conservation can be rewritten in terms of 1, V, j, and P:

. . Py — P P, =P
P+ V] =0=j"= = : 23
[P+ (eomi”V7] S (VP —mVy)  mVi—nVa (23)
This is Eq. (16.48b). In the last line, I used the identity p,V = 1.
Finally, rewrite energy conservation:

[PonyiV] =0 = [n7]. (24)

This is not yet in the form of Eq. (16.48a). To get there, divide the momentum
conservation equation by (71 V; + n2V2) to obtain

1 B P—P B P—P (25)
mVi+neVa  (miVi)? — (n2gV2)?*  (mwa)? — (nou2)?
Thus,
(mu1)? = (n2u2)? = (Py — P)(m Vi +n2Va). (26)
Squaring the energy conservation equation yields
(n272)? = (m72)* = 0. (27)
Adding the two previous lines finally gives
(73 —u3) = ni (7 — i) = (P2 = P1)(m Vi + n2V2)
=15 =i = (Po = PO)(m Vi + n2Va). (28)

In the last equality, I used the identity 4% — u? = 1. This is Eq. (16.48a).

b. The relativistic equations are very similar to the non-relativistic equa-
tions. You should be able to convince yourself that Eqs. (16.48) and (16.42)
have exactly the same form provided nV is taken to be the “relativistic specific
volume,” v is taken to be the relativistic velocity, and 1 4 h is taken to be the
relativistic enthalpy. Therefore, a relativistic P vs. nV plot looks the same as
a non-relativistic P vs. V plot, provided that you replace the enthalpy with
the relativistic enthalpy (and the velocity with the relativistic velocity) when
computing the shock adiabat.

The interpretation of the relativistic P vs. nV plot then follows. Choose an
initial point in P —nV space as the upstream point. Possible downstream points
must also lie on this adiabat (according to the relativistic equation of state of
the fluid). Possible downstream points have higher entropy than the upstream
point (curves of constant entropy also depend on the particular equation of state
chosen). Finally, Eq. (16.48b) describes a straight line on the P vs. nV plot;



this line of constant rest mass flux must connect the upstream point with the
downstream point.

c. Begin with rest mass conservation. In the nonrelativistic limit, v — 1.
Also, since the rest mass dominates the energy contribution,  — 1. Thus, Eqgs.
(16.48) reduce to

(1+2h) = (14 2h1) = (P2 — P1)(Vi +V2)

1
= hy —h1 = §(P2—P1)(V1+V2)
1
=€ —€ = §(P2+P1)(V1 —Va) (29)
.2 (PQ_PI)
A (30)

vl—vg:j(VQ—Vl):\/(PQ—Pl)\/Vl—VZ- (31)

These are Eqgs. (16.42).

B. Similarity Solutions

Problem 16.12 - Underwater Explosions
[by Alexei Dvoretskii/00]

Note from Geoffrey Lovelace: In 0416.2.K of Chapter 16, f, g, and h are
written as P, p, and v, respectively.
(i) Equation of continuity

2
Gep+ —(pv) + Or(pv) = 0

7+1
p= pPog

v—1

2 .
v=——Rh

v+1

Rewriting the equation in terms of £ and R obtain

y+1., ER. , 2 2 : 1 :
(7_1)( = )P0y +§R(7_1)poRg +R35(7_1poRg )=0
Simplifying
. 4 1 2
—&g' + ———gh+ ———0:(gh) =0
% CE IR CESY c(gh)

So far, complete generality has been retained. Now let’s take



4
—€9' + g+ 9'&+ 9=0
(v+1)7 (r+1) (y+1)
This is readily solved to give
g=¢&T,
where the integration constant has been fixed by the demand that g =1 at
E=1.
We see that for v = 7 the solution takes a simple form
g=¢£

(ii) Equation of motion

1
Oyv + vOpv + ;&P =0

=7+1mR%

Rewriting the equation in terms of £ and R obtain

ER, 2 2 2 .1 2 . y—1 4,1 2 )
h h h— h =
o DRI ROR( ) R () B D (Rt 070" e )02 =0

Using rR = —%% get

2 2 3 4 -1 f
—yﬂ———+h———{——y+————5i/+2—1——35-—
v+1 y+1" 2 (v+1) (v+1)

Substituting h = £ and g = £ and simplifying get

fl _ 352
And therefore

f=¢
(iii) Entropy equation
Using

3R .
815 + v@r = —Zﬁfag + RaR

and

P .
_’Y x R2§74



it is straightforward to verify that the above solution also
satisfies the entropy equation.
(iv) It’s trivial to take the integral to get

o 27TR5p0
T 225¢2

(v) The Sedov-Taylor solution will be more or less valid until the
velocity of the shock front R falls to about the speed of sound

in water.
. E
R = 2
so it will happen when
E
R~ (——)
POCH
Using E = 10'°J, py = 10°kgm " and
co = 1.5 x 10%ms™! get
R ~ 20m

Problem 16.14 - Similarity Solution for Shock Tube
[by Guodong wang/03]

Let &€ = mc—{)t then % = —Co%d% and 8% = %d%. Inserting these relations

into the two partial differential equations (BT-16.32) with [ dP/pc = 2¢/(y—1),

0 0 2¢
il + ) =—)(v + = 2
(57 + @£ wE =) =0 (32)
becomes a pair of ordinary differential equations,
, 2¢
(v —co€) £ c)(v :I:V_l):() (33)

Then it is straightforward to get the non-trival solutions,

-1
c/:_(’y

v+1 (34)

Jeo = ¢ = Constant — (——)
v=coé+c (35)
The integration constant can be determined by matching v and ¢ at the

boundary with the unperturbed fluid: v — 0, ¢ — ¢y when —x/t — ¢o.
we thereby obtain

2
v+1

_ 2c0 _("y—l)

v+1

(co+ %) (36)



at —cpt < x < 2c°t

C. MHD

Exercise 18.2 Diffusion of Magnetic Field

[by Xinkai Wu/02]

As we assume the plasma has sufficient inertia to remain at rest, we can set
v = 0 in all the equations.

(a) The sum of the rate of change of the manetic energy and that of heat
production via Ohmic heating is given by

1
——+j-E=——[B-V°B+(VxB)-(VxB 37
53 Ti = 5 [B VB (V< B)-(V x B (37)
where we have used equation (18.9) for 98 and equations (18.6) and (18.7)
for j and E, respectively.
Now writing out the components in Cartesian coordinates explicitly and
using V - B = 0, we readily reduce this sum to

(38)

O, [B; (0B, — 8;By)] = -V - <E x B>

Ho

which is a total derivative and vanishes upon integration over the whole
space, namely the reduction of magnetic energy as the field decays is compen-
sated by the Ohmic heating of the plasma.

(b) The magnetic field satisfies the diffusion equation:

HpKe

0B 1
—= V2B, =0 39
ot HoRe ( )
and the initial condition is
B.(t =0) = By for w < R, and 0 elsewhere (40)

with R being the radius of the cylinder. The boundary condition is given by

B.(w = R) = B, outside = 0; B,(ww = 0) = finite (41)

where we have used the fact that since there is no surface current(we’ve
turned off the solenoid current that generated the initial magnetization) B, is
continuous across the boundary. Also we approximate the magnetic field outside
the cylinder as zero because we assume that the decay is slow(as a consequence
of large k) and thus EM radiation into the vacuum can be neglected.

Solving the above boundary value problem is straightforward (see e.g. Math-
ews and Walker), and we find

W gz
che 10 Jo( R) (42)



with Jo(§) being the zeroth Bessel function, and ; being the location of its
ith zero, 0 < & < & < ... So for large time, when the field has decayed to a
small fraction of its original value, all the higher (i.e. ¢ > 1) modes have decayed
away, and we have

__ g St Lo 7—2-42215 2.4w
B.(w,t) ~ cje HoreR JO(?):LGBOe nore R Jo 7 ) (43)

where we have used & =~ 2.4 and ¢; =~ 1.6By.

Exercise 18.3 The Earth’s Bow Shock

[by Xinkai Wu/00]

(a) The momentum flux ~ pv? while the magnetic pressure generated by the
earth’s dipole field ~ B?/2uy ~ (B%/2p0)(rg/r)°, noticing that for a dipole
field B ~ r—3 . Balancing these two terms and plugging in the numbers: Bg ~
3 X 1075T, rep ~ 6 x 105m we get r ~ 8.5rg ~ 5 X 10"m

(b) B&T eqn (18.23) gives: Ey + vsB1 = Ea + v,B2 and eqn (18.21) gives:
p1(v1 — vs) = p2(v2 — vs) In the infinite conductivity limit and applied to both
sides of the shock front, eqn (18.5) gives: Fy = —v1 By and Ey = —vy By Com-
bining the above equations we get Ba/B1 = p2/p1 = (v1 —vs)/(v2 — vs) Namely
the magnetic field strength will increase by the same ratio as the density on
crossing the shock front. Intuitively we expect the compression to decrease as
the field is increased, because increasing the field means increasing the magnetic
pressure, which will in turn resist compression. To be more rigorous, let’s look
at a limiting case of equation (18.24): When B gets very large, the magnetic
pressure term dominates and this equation gives By =~ Bs, i.e. p1 &= p2., which
means there’s almost no compression.

Exercise 18.6 Hartmann Flow

[by Guodong Wang/99]
The force balance equation is given by equation (18.34)

VP =jxB+nV3v (44)
the  component of which is, using B = Bpe, and P = —Qx + p(z),

Q= j, B+ (45)
Now using equation (18.5) j = k.(E + v x B) and E = Eye, we find

Jy = Ke(Eo — Bovy) (46)
Combining the above two equations, we get

dv, .B? cBoE
dv, KBy, (QF neBobo) (47)
dz? 7 7




(b) A special solution to this equation is

Q + ke BoEy
= 48
v ke B2 (48)
and the general solution is thus given by
H H
vz = vg + Chcosh <TZ> + Casinh <Tz) (49)

1/2
where H = Bya (%) . Using the boundary condition v,(z = +a) = 0 we
find y
Ch=———, C3=0 50
! cosh(H)’ 2 (50)

and thus

_ Q+reBoEy ) cosh(Hz/a)

= 51
! ke B2 coshH (51)
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