
Physics 136a, Fall 2006: Solutions for Chapter 9
(compiled by Xinkai Wu, Kip Thorne, and Michael Cross)

A. Exercise 9.2Holographically reconstructed wave[by Kip Thorne/99]
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Figure 1: holographically reconstructed wave

(a) See Fig. 1, in whichr = |r | = ∣∣Rn − r ′∣∣ ≈ R − n · r ′. Using the Helmholtz-Kirchhoff formula,
we get

ψP = ik

2π

∫
dS′

(
n + n0

2

)
ei (kR−kr ′ ·n)

r
ψ0(x

′, y′)

where

ψ0(x
′, y′) = T(x′, y′)eikr ′ ·n0

∼
(
|O|2 + M2 + M Oe−ikr ′ ·n0 + M O∗eikr ′ ·n0

)
eikr ′ ·n0

∼ (|O|2 + M2)eikr ′ ·n0 + M O + M O∗e2ikr ′ ·n0

and thus

ψP = ψ
(1)
P + ψ

(2)
P + ψ

(3)
P

ψ
(1)
P = ik

2π

∫
dS′

(
n + n0

2

)
(|O|2 + M2)

eikR

r
eikr ′ ·(n0−n)

ψ
(2)
P = ik

2π

∫
dS′

(
n + n0

2

)
M O

eikR

r
e−ikr ′ ·n

ψ
(3)
P = ik

2π

∫
dS′

(
n + n0

2

)
M O∗ eikR

r
eikr ′ ·(2n0−n)

If the mirror wave had been absent and the photographic plate replaced by a window, then by using

Helmholtz-Kirchhoff withψ̃0 = O we would have gottenψP = ik
2π

∫
dS′ (n+n0

2

)
O eikR−ikr ′ ·n

r which is

the same asψ(2)
P (to within a multiplicative constant).
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The direction of propagation for different terms can be obtained by finding the stationary phase points
for rapidly oscillating terms (note the last factor in the expressions forψ

(1)
P , ψ

(2)
P , ψ

(3)
P are rapidly

oscillating, except in the direction of output wave). We find

for ψ(1)
P , it’s n = n0, i.e. the wave propagates along the mirror wave direction.

for ψ(2)
P , n = ez, i.e. the wave propagates perpendicular to the hologram.

for ψ(3)
P , 2sinθ0 = sinθ . (Note that ifθ0 < π/6, then there exists a solution to this equation and the

secondary image actually exists.)

(b) Now if all angles are small (paraxial optics), then

ψ
(3)
P = ik

2π

∫
dS′M O∗ eikz

z
eikr ′(2θ0−θ), θ0 ≈ 0

The field at the object can be obtained by propagating back to point(0,0,−z)

ψi = ik

2π

∫
dS′O

e−ikz

z
eikr ′θi , θs ≈ θi

i.e. ψP(z) ∝ ψ∗
i (−z), we see that indeed the secondary image resides in front of the hologram and is

turned inside out. See Fig. 2.
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Figure 2: the secondary image

The angles in the wave scattered from the object and in the secondary wave are related by

−sinθi = sin2θ0 − sinθs

and forθi ≈ 0, if θ0 is not small, then

1θi = cosθs1θs ⇒ 1θs = 1θi

cos2θ0
> 1θi
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i.e. the image is stretched.

(c) If light with wavenumberk is shined at the original angleθ0 for reconstruction, then

ψ0 ∼ M Oe−ik0r ′sinθ0eikr ′sinθ0

ψ
(2)
P ∼

∫
dS′

(
n + n0

2

)
M O

eikR

r
eir ′(−k0sinθ0+ksinθ0−ksinθ)

So again by looking for a stationary phase condition we see that the direction of propagation will be
given by sinθ = sinθ0

(
1 − k0

k

)
. (the sign ofθ is indicated in Fig. 3)
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Figure 3: plane-parallel white light

θ0 = π/4, k0 = kgreen, andsinθ = sinθ0

(
1 − λ

λgreen

)
.

(1) λ = λgreen, sinθ = 0, θ = 0

(2) λ = λred, sinθ = 1√
2

(
1 − λred

λgreen

)
≈ 1√

2

(
1 − 700nm

500nm

) ≈ −0.28. Thusθ ≈ −16.4◦.

D. Lorenz equations for lasers

(a) The first equation is the equation for the driving of the electric field by the oscillating polarization.
The second equation gives the stimulated emission, i.e., the driving of the polarization proportional to
the product of the population inversion and the electric field. The last equation expresses the energy
fed by transitions from the high to low energy levels into the electric field with a rate proportional to
field×polarization. The dissipation terms (the variousγ ) are the field leaking from the cavity, damping
of the oscillating dipole moments, e.g., by interatomic collisions, and decay from the upper to the lower
level, e.g., by spontaneous emission.

After the substitutionZ ∝ N0 − N we see that the two sets of equations have the same structure, and
so it is a question of scaling the variables and time to match coefficients. Comparing the “diagonal”
term in the second equation we see that time is being measured in units ofγ −1

⊥ . Introducing the scaled
time τ = γ⊥t gives

d A

dτ
= − γ

γ⊥

[
A −

(
ω

2ε0γ

)
P

]
(1a)

d P

dτ
= −P +

(
M2

h̄γ⊥

)
N A (1b)

dN

dt
= − γ‖

γ⊥
(N − N0)−

(
1

h̄γ⊥

)
P A (1c)
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Now write A = λX, P = µY, N0 − N = −νZ to give

d X

dτ
= − γ

γ⊥

[
X −

(
µ

λ

ω

2ε0γ

)
Y

]
(2a)

dY

dτ
= −Y +

(
λν

µ

M2

h̄γ⊥

)
(ν−1N0 + Z)X (2b)

d Z

dt
= − γ‖

γ⊥
Z −

(
λµ

ν

1

h̄γ⊥

)
XY (2c)

Comparing coefficients we find the Lorenz equations if

µ

λ
= 2ε0γ

ω
(3a)

λν

µ
= h̄γ⊥

M2
(3b)

λµ

ν
= h̄γ⊥ (3c)

giving

λ = h̄γ⊥
M
, µ = 2ε0γM

ωh̄γ⊥
, ν = 2ε0h̄γ γ⊥

ωM2
. (4)

More important, we can evaluate the parameters of the Lorenz equations

r = ωM2N0

2ε0h̄γ γ⊥
, σ = γ

γ⊥
, b = γ‖

γ⊥
. (5)

The parametersσ,b are simply ratios of relaxation times. The parameterr can be expressed as

r = ωωd

γ γ⊥
(6)

whereh̄ωd = M2N0/2ε0 is roughly the energy of two atomic atomic dipole moments at a separation
corresponding to the densityN0.
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