Physics 1364, Fall 2006: Solutions for Chapter 9
(compiled by Xinkai Wu, Kip Thorne, and Michael Cross)

A. Exercise 9.Holographically reconstructed wayby Kip Thorne/99]
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Figure 1: holographically reconstructed wave

(a) See Fig. 1, in which = |r| = |Rn — r/| ~ R —n-r’. Using the Helmholtz-Kirchhoff formula,

we get
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If the mirror wave had been absent and the photographic plate replaced by a wi_ndow, then by using
Helmholtz-Kirchhoff with /o = O we would have gotteryp = 1 [ dS (2he) 0L which is
the same ag' (to within a multiplicative constant).



The direction of propagation for different terms can be obtained by finding the stationary phase points
for rapidly oscillating terms (note the last factor in the expressionsfot, v, v are rapidly
oscillating, except in the direction of output wave). We find

for ://,(31), it's n = ng, i.e. the wave propagates along the mirror wave direction.

for ://,(32), n = e, i.e. the wave propagates perpendicular to the hologram.

for w,(f), 2sindy = sing. (Note that ifédy < 7 /6, then there exists a solution to this equation and the
secondary image actually exists.)

(b) Now if all angles are small (paraxial optics), then
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The field at the object can be obtained by propagating back to (@i —z)

ik —ikz
Vi = 'Z/dS/oeTe'kr o 0~ 6,

l.e. ¥p(2) x ¥ (—2), we see that indeed the secondary image resides in front of the hologram and is
turned inside out. See Fig. 2.
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Figure 2: the secondary image

The angles in the wave scattered from the object and in the secondary wave are related by
—Sing; = sin20y — sinfs
and forg; ~ 0, if 85 is not small, then
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i.e. the image is stretched.
(c) If light with wavenumbek is shined at the original angtg for reconstruction, then
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So again by looking for a stationary phase condition we see that the direction of propagation will be
given by sirg = singy (1 — ). (the sign o is indicated in Fig. 3)
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Figure 3: plane-parallel white light

6o = 1 /4, Ko = Kgreen @NASiNG = sinfp (1 - Agfeen).
(1) )\. - )\,green, S|n9 - 0,0 == O

: 1 Are ~ 1 700n ~ ~ o
(2) & = hreq, SiP0 = & (1— kg—d) ~ L (1- [80m) ~ —0.28. Thust ~ —16.4°.

D. Lorenz equations for lasers

(a) The first equation is the equation for the driving of the electric field by the oscillating polarization.
The second equation gives the stimulated emission, i.e., the driving of the polarization proportional to
the product of the population inversion and the electric field. The last equation expresses the energy
fed by transitions from the high to low energy levels into the electric field with a rate proportional to
fieldx polarization. The dissipation terms (the varigysare the field leaking from the cavity, damping

of the oscillating dipole moments, e.g., by interatomic collisions, and decay from the upper to the lower
level, e.g., by spontaneous emission.

After the substitutionZ o« Ng — N we see that the two sets of equations have the same structure, and
so it is a question of scaling the variables and time to match coefficients. Comparing the “diagonal”
term in the second equation we see that time is being measured in umTé. dhtroducing the scaled
timetr = y,t gives
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Now write A= AX, P = uY, Ng — N = —vZ to give
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Comparing coefficients we find the Lorenz equations if
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More important, we can evaluate the parameters of the Lorenz equations
M?N
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The parameters, b are simply ratios of relaxation times. The parametean be expressed as

=22 (6)
YvL
wherehwg = M?Np/ 2 is roughly the energy of two atomic atomic dipole moments at a separation
corresponding to the densityp.
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