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Chapter 1

Physics in Euclidean Space and Flat
Spacetime: Geometric Viewpoint

Version 0801.1.K by Kip, 1 October 2008

Please send comments, suggestions, and errata via email tp@tapir.caltech.edu, or on
paper to Kip Thorne, 130-33 Caltech, Pasadena CA 91125

Box 1.1
Reader's Guide

Sections and exercises labeled [N] are Newtonian, thosedkda [R] are relativistic.
The N material can be read without the R material, but the R maerial requires
the N material as a foundation.

Readers who plan to study only the non-relativistic portios of this book should
learn this book's geometric viewpoint on Newtonian physiand some mathematical
tools we shall use by reading or browsing the [N] sections. @ will also need to
know two items of relativity; see Box 1.3.

The R sections are a self-contained introduction to specigtlativity, though it will
help if the reader has already had an elementary introductio

Readers who already know special relativity well should bwse this chapter, espe
cially Secs. 1.1{1.4, 1.5.3, 1.9{1.12, to learn this bookigeometric viewpoint and a
few concepts (such as the stress-energy tensor) that theyght not have met.

1.1 [N & R] Overview

In this book, we shall adopt a di erent viewpoint on the laws & physics than that found
in most elementary texts. In elementary textbooks, the lawsre expressed in terms of
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guantities (locations in space or spacetime, momenta of peles, etc.) that are measured
in some coordinate system or reference frame. For examplegvidonian vectorial quantities
(momenta, electric elds, etc.) are triplets of numbers [@., (1,9; 4)] representing the
vectors' components on the axes of a spatial coordinate sgst, and relativistic 4-vectors are
guadruplets of numbers representing components on the sptime axes of some reference
frame.

By contrast, in this book, we shall express all physical quéities and laws in ageometric
form , i.e. a form that is independent of any coordinate system or reference frame
For example, in Newtonian physics, momenta and electric db will be vectors described
as arrows that live in the 3-dimensional, at Euclidean spae of everyday experience. They
require no coordinate system at all for their existence or deription|though sometimes co-
ordinates will be useful. We shall state physical laws, e.the Lorentz force law, as geomet-
ric (i.e. coordinate-free) relationships between these @metric (i.e. coordinate-independent)
guantities.

By adopting this geometric viewpoint, we shall gain great ceptual power and often also
computational power. For example, when we ignore experinteand simply ask what forms
the laws of physics can possibly take (what forms are allowbg the requirement that the laws
be geometric), we shall nd remarkably little freedom. Coatinate independence strongly
constrains the laws (see, e.g., Sec. 1.4 below). This powegether with the elegance of the
geometric formulation, suggests that in some deep (ill-uegdstood) sense, Nature's physical
laws are geometric and have nothing whatsoever to do with coordinateor reference frames.

The mathematical foundation for our geometric viewpoint igli erential geometry (also
called \tensor analysis" by physicists). This di erential geometry can be thought of as an
extension of the vector analysis with which all readers shiglibe familiar.

There are three di erent frameworks for the classical physal laws that scientists use, and
correspondingly three di erent geometric arenas for the Vas; cf. Fig. 1.1. General relativity
is the most accurate classical framework; it formulates thiaws as geometric relationships
in the arena of curved 4-dimensional spacetime Special relativity is the limit of general
relativity in the complete absence of gravity; its arena isat, 4-dimensional Minkowski
spacetimé. Newtonian physicsis the limit of general relativity when (i) gravity is weak but
not necessarily absent, (ii) relative speeds of particlesi@ materials are small compared to
the speed of lightc, and (iii) all stresses (pressures) are small compared toetltotal density
of mass-energy; its arena isat, 3-dimensional Euclidean spacewith time separated o and
made universal (by contrast with the frame-dependent timefaelativity).

In Parts I{V of this book (statistical physics, optics, elagicity theory, uid mechanics,
plasma physics) we shall con ne ourselves to the Newtoniamé special relativistic formula-
tions of the laws, and accordingly our arenas will be at Euallean space and at Minkowski
spacetime. In Part VI we shall extend many of the laws we havéuslied into the domain of
strong gravity (general relativity), i.e., the arena of cuved spacetime.

In Parts | and Il (statistical physics and optics), in addition to con ning ourselves to at
space or at spacetime, we shall avoid any sophisticated usé curvilinear coordinates; i.e.,
when using coordinates in nontrivial ways, we shall con neurselves to Cartesian coordinates

1so-called because it was Hermann Minkowski (1908) who idehed the special relativistic invariant
interval as de ning a metric in spacetime, and who elucidatel the resulting geometry of at spacetime.



General Relativity
® The most accurate framework for Classical Physics
® Arena: Curved spacetime

vanishing weak gravity
gravity small speeds

v small stresses

~

Newtonian Physics
® Approximation to relativistic physics
@ Arena: Flat, Euclidean 3-space, plus
universal time

Special Relativity low speeds
@ Classical Physics in the absence of gravity small stresses
@®Arena: Flat, Minkowski spacetime add weak gravity
/

Fig. 1.1: The three frameworks and arenas for the classical laws of plsjcs, and their relationship
to each other.

in Euclidean space, and Lorentz coordinates in Minkowski apetime. This chapter is an
introduction to all the di erential geometric tools that we shall need in these limited arenas.

In Parts Ill, 1V, and V, when studying elasticity theory, ui d mechanics, and plasma
physics, we will use curvilinear coordinates in nontrivialvays. As a foundation for them,
at the beginning of Part 1l we will extend our at-space dierential geometric tools to
curvilinear coordinate systems (e.g. cylindrical and spheal coordinates). Finally, at the
beginning of Part VI, we shall extend our geometric tools tohe arena of curved spacetime.

In this chapter we shall alternate back and forth, one sectioafter another, between the
laws of physics and at-space di erential geometry, usingaeh to illustrate and illuminate the
other. We begin in Sec. 1.2 by recalling the foundational coapts of Newtonian physics and
of special relativity. Then in Sec. 1.3 we develop our rst $eof di erential geometric tools:
the tools of coordinate-free tensor algebra. In Sec. 1.4 Wastrate our tensor-algebra tools by
using them to describe|without any coordinate system or rekrence frame whatsoever|the
kinematics of point particles that move through the Euclidan space of Newtonian physics
and through relativity's Minkowski spacetime; the particks are allowed to collide with each
other and be accelerated by an electromagnetic eld. In Set.5, we extend the tools of tensor
algebra to the domain of Cartesian and Lorentz coordinate siems, and then in Sec. 1.6
we use these extended tensorial tools to restudy the motigreollisions, and electromagnetic
accelerations of particles. In Sec. 1.7 we discuss rotatsom Euclidean space and Lorentz
transformations in Minkowski spacetime, and we develop ivistic spacetime diagrams in
some depth and use them to study such relativistic phenomerze length contraction, time
dilation, and simultaneity breakdown. In Sec. 1.8 we illusate the tools we have developed
by asking whether the laws of relativity permit a highly advaced civilization to build time
machines for traveling backward in time as well as forwardnlSec. 1.9 we develop additional
di erential geometric tools: directional derivatives, gadients, and the Levi-Civita tensor, and
in Sec. 1.10 we use these tools to discuss Maxwell's equasi@md the geometric nature of
electric and magnetic elds. In Sec. 1.11 we develop our nakt of geometric tools: volume
elements and the integration of tensors over spacetime, andSec. 1.12 we use these tools
to de ne the stress tensor of Newtonian physics and relatiyi's stress-energy tensor, and to
formulate very general versions of the conservation of 4-mentum.



1.2 Foundational Concepts

1.2.1 [N] Newtonian Concepts

The arena for the Newtonian laws is a spacetime composed ottfamiliar 3-dimensional
Euclidean space of everyday experience (which we shall cadspacg, and a universal time
t. We shall denote points (locations) in 3-space by capital gpt letters such asP and Q.
These points and the 3-space in which they live require no aoaates for their de nition.

A scalar is a single number that we associate with a pointP, in 3-space. We are
interested in scalars that represent physical quantitie®.g., temperatureT. When a scalar
is a function of locationP in space, e.g.T(P), we call it a scalar eld.

A vector in Euclidean 3-space can be thought of as a straight arrow thaeaches from
one point, P, to another, Q (e.g., the arrow x of Fig. 1.2a). Equivalently, x can be
thought of as a direction atP and a number, the vector's length. Sometimes we shall select
one point O in 3-space as an \origin" and identify all other points, sayQ and P, by their
vectorial separationsxqg and xp from that origin.

The Euclidean distance  between two pointsP and Q in 3-space can be measured with
a ruler and so, of course, requires no coordinate system fta de nition. (If one does have a
Cartesian coordinate system, it can be computed by the Pytlgorean formula, a precursor
to the \invariant interval” of at spacetime, Sec. 1.2.3.) This distance is also the length
j Xxj of the vector x that reaches fromP to Q, and the square of that length is denoted

ioxi2 () () (1.1)

Of particular importance is the case wherP and Q are neighboring points and x is a
di erential (in nitesimal) quantity dx. By traveling along a sequence of sudtix's, laying
them down tail-at-tip, one after another, we can map out a cwe to which thesedx's are
tangent (Fig. 1.2b). The curve isP( ), with a parameter along the curve; and the
in nitesimal vectors that map it out are dx = (dP=d )d .

The product of a scalar with a vector is still a vector; so if wéake the change of location
dx of a particular element of a uid during a (universal) time irterval dt, and multiply it by
1=dt, we obtain a new vector, the uid element's velocityv = dx=dt, at the uid element's
location P. Performing this operation at every pointP in the uid de nes the velocity eld
v(P). Similarly, the sum (or di erence) of two vectors is also a &ctor and so taking the
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Fig. 1.2: (a) A Euclidean 3-space diagram depicting two pointsP and Q, their vectorial separations
*p and %q from the (arbitrarily chosen) origin O, and the vector X = Xq Xp connecting them.
(b) A curve C generated by laying out a sequence of in nitesimal vectorstail-to-tip.



di erence of two velocity measurements at times separatedyldt and multiplying by 1=dt
generates the acceleratiom = dv=dt. Multiplying by the uid element's (scalar) mass m
gives the forceF = ma that produced the acceleration; dividing an electrically ppduced
force by the uid element's chargeq gives another vector, the electric eldE = F=qg and
so on. We can de ne inner products [Eq. (1.9a) below] of pais vectors at a point (e.g.,
force and displacement) to obtain a new scalar (e.g., workand cross products [Eq. (1.60a)]
of vectors to obtain a new vector (e.g., torque). By examingn how a di erentiable scalar
eld changes from point to point, we can de ne its gradient [E. (1.54b)]. In this fashion,
which should be familiar to the reader and will be elucidatednd generalized below, we can
construct all of the standard scalars and vectors of Newtcam physics. What is important
is that these physical quantities require no coordinate system fttreir de nition. They are
geometric (coordinate-independent) objects residing inuUglidean 3-space at a particular
time.

It is a fundamental (though often ignored) principle of phygs that the Newtonian physical
laws are all expressible as geometric relationships betwéaeese types of geometric objects,
and these relationships do not depend upon any coordinatesteyn or orientation of axes,
nor on any reference frame(on any purported velocity of the Euclidean space in which @
measurements are made).We shall return to this principle throughout this book. It is the
Newtonian analog of Einstein's Principle of Relativity (Se. 1.2.3 below).

1.2.2 [R] Special Relativistic Concepts: Inertial frames, inertial
coordinates, events, vectors, and spacetime diagrams

Because the nature and geometry of Minkowski spacetime ar@ fless obvious intuitively
than those of Euclidean 3-space, we shall need a crutch in alevelopment of the Minkowski
foundational concepts. That crutch will be inertial referace frames. We shall use them to
develop in turn the following frame-independent Minkowskspacetime concepts: events, 4-
vectors, the principle of relativity, geometrized units, he interval and its invariance, and
spacetime diagrams.

An inertial reference frameis a (conceptual) three-dimensional latticework of measung
rods and clocks (Fig. 1.3) with the following properties: ij The latticework moves freely
through spacetime (i.e., no forces act on it), and is attaclleto gyroscopes so it does not
rotate with respect to distant, celestial objects. i{ ) The measuring rods form an orthogonal
lattice and the length intervals marked on them are uniform Wwen compared to, e.g., the
wavelength of light emitted by some standard type of atom or olecule; and therefore the
rods form an orthonormal, Cartesian coordinate system witlthe coordinate x measured
along one axisy along another, andz along the third. (iii ) The clocks are densely packed
throughout the latticework so that, ideally, there is a sepeate clock at every lattice point.
(iv) The clocks tick uniformly when compared, e.g., to the peri of the light emitted by
some standard type of atom or molecule; i.e., they andeal clocks (v) The clocks are
synchronized by the Einstein synchronization process: Ifgulse of light, emitted by one of
the clocks, bounces o a mirror attached to another and theneaturns, the time of bouncet,

2By changing the velocity of Euclidean space, one adds a corestt velocity to all particles, but this leaves
the laws, e.g. Newton'skF = ma, unchanged.



Fig. 1.3: An inertial reference frame. From Taylor and Wheeler (1992)

as measured by the clock that does the bouncing is the averaafethe times of emission and
reception as measured by the emitting and receiving clock; = %(te +1,).3

Our second fundamental relativistic concept is the@vent An event is a precise location
in space at a precise moment of time; i.e., a precise locati¢or \point") in 4-dimensional
spacetime. We sometimes will denote events by capital sdriletters such asP and Q |
the same notation as for points in Euclidean 3-space; thereed be no confusion, since we
will avoid dealing with 3-space points and Minkowski-spatiene points simultaneously.

A 4-vector(also often referred to as aector in spacetim@ is a straight arrow % reaching
from one eventP to another Q; equivalently, x is a direction in spacetime at the event
P where it lives, together with a number that tell us its length We often will deal with
4-vectors and ordinary (3-space) vectors simultaneouslsp we shall need di erent notations
for them: bold-face Roman font for 3-vectors, x, and arrowed italic font for 4-vectors, .
Sometimes we shall identify an evenP in spacetime by its vectorial separationxp from
some arbitrarily chosen event in spacetime, the \originO.

An inertial reference frame provides us with a coordinate stem for spacetime. The
coordinates &°; x*; x%;x3) = (t;x;y;z) which it associates with an eventP are P's location
(x;y;z) in the frame's latticework of measuring rods, and the time of P as measured by
the clock that sits in the lattice at the event's location(Many apparent paradoxes in special
relativity result from failing to remember that the time t of an event is always measured by
a clock that resides at the event, and never by clocks that rige elsewhere in spacetime.)

It is useful to depict events onspacetime diagramsin which the time coordinatet = x°
of some inertial frame is plotted upward, and two of the frame three spatial coordinates,
x = x! andy = x2, are plotted horizontally. Figure 1.4 is an example. Two evi,s P and Q
are shown there, along with their vectorial separation and %, from the origin and the
vector % = %o % that separates them from each other. The coordinates &f and Q,

3For a deeper discussion of the nature of ideal clocks and ideaneasuring rods see, e.g., pp. 23{29 and
395{399 of Misner, Thorne, and Wheeler (1973).
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Fig. 1.4:. A spacetime diagram depicting two eventsP and Q, their vectorial separations xp and
%q from an (arbitrarily chosen) origin, and the vector %= %o %p connecting them. The laws
of physics cannot involve the arbitrary origin O; we introduce it only as a conceptual aid.

which are the same as the components & and %q in this coordinate system, aretp, Xp,
Yp, Zp) and (tg, Xo, Yo, Zg); and correspondingly, the components of x are

0= t=to tp; x}= x=Xq Xp;
x3 =

x*= y=yo VYp; z2=2 2p: (1.2)

We shall denote these components ofx more compactly by x , where the index (and
every other lower case Greek index that we shall encounte@kes on valued = 0, x =1,

y =2, and z = 3. Similarly, in 3-dimensional Euclidean space, we shallethote the Cartesian
components x of a vector separating two events by x/, where thej (and every other
lower case Latin index) takes on the values =1, y =2, and z = 3.

When the physics or geometry of a situation being studied sggsts some preferred inertial
frame (e.g., the frame in which some piece of experimental @gratus is at rest), then we
typically will use as axes for our spacetime diagrams the aainates of that preferred frame.
On the other hand, when our situation providesno preferred inertial frame, or when we
wish to emphasize a frame-independent viewpoint, we shalelias axes the coordinates of a
completely arbitrary inertial frame and we shall think of the spacetime diagram as depicting
spacetime in a coordinate-independent, frame-independemay.

The coordinate system { x;y; z) provided by an inertial frame is sometimes called an
inertial coordinate system and sometimes aMinkowski coordinate system(a term we shall
not use), and sometimes dorentz coordinate system[because it was Lorentz (1904) who
rst studied the relationship of one such coordinate systento another, the Lorentz trans-
formation]. We shall use the terms \Lorentz coordinate systm” and \inertial coordinate
system" interchangeably, and we shall also use the terborentz frame interchangeably with
inertial frame. A physicist or other intelligent being who resides in a Lorgz frame and
makes measurements using its latticework of rods and clockdl be called anobserver

Although events are often described by their coordinates ia Lorentz reference frame,
and vectors by their components (coordinate di erences),t ishould be obvious that the
concepts of an event and a vector need not rely on any coordieasystem whatsoever for
their de nition. For example, the event P of the birth of Isaac Newton, and the evenQ of
the birth of Albert Einstein are readily identi ed without ¢ oordinates. They can be regarded
as points in spacetime, and their separation vector is the straight aow reaching through



spacetime fromP to Q. Di erent observers in di erent inertial frames will attri bute di erent
coordinates to each birth and di erent components to the bths' vectorial separation; but
all observers can agree that they are talking about the sameesnts P and Q in spacetime
and the same separation vector %. In this sense,P, Q, and x are frame-independent,
geometric objectypoints and arrows) that reside in spacetime.

1.2.3 [R] Special Relativistic Concepts: Principle of Rela tivity;
the Interval and its Invariance

The principle of relativity states that Every (special relativistic) law of physics must be ex-
pressible as a geometric, frame-independent relationsHigtween geometric, frame-independent
objects i.e. objects such as points in spacetime and vectors and sems, which represent
physical quantities such as events and particle momenta artde electromagnetic eld.

Since the laws are all geometric (i.e., unrelated to any reénce frame or coordinate
system), there is no way that they can distinguish one inewi reference frame from any
other. This leads to an alternative form of the principle of elativity (one commonly used
in elementary textbooks and equivalent to the above)All the (special relativistic) laws of
physics are the same in every inertial reference frame, eyarhere in spacetime A more
operational version of this principle is the following: Gig identical instructions for a specic
physics experiment to two di erent observers in two di eret inertial reference frames at the
same or di erent locations in Minkowski (i.e., gravity-free) spacetime. The experiment must
be self-contained, i.e., it must not involve observationsfdhe external universe's properties
(the \environment"), though it might utilize carefully cal ibrated tools derived from the
external universe. For example, amnacceptableexperiment would be a measurement of the
anisotropy of the Universe's cosmic microwave radiation dma computation therefrom of the
observer's velocity relative to the radiation's mean restrime; such an experiment studies
the Universal environment, not the fundamental laws of physs. An acceptableexperiment
would be a measurement of the speed of light using the rods acldcks of the observer's own
frame, or a measurement of cross sections for elementary fgde reactions using cosmic-ray
particles whose incoming energies and compositions are su@&d as initial conditions for the
experiment. The principle of relativity says that in these oany other similarly self-contained
experiments, the two observers in their two di erent inertal frames must obtain identically
the same experimental results|to within the accuracy of ther experimental techniques.
Since the experimental results are governed by the (nongitational) laws of physics, this
is equivalent to the statement that all physical laws are thesame in the two inertial frames.

Perhaps the most central of special relativistic laws is thene stating that the speed
of light ¢ in vacuum is frame-independenti.e., is a constant, independent of the inertial
reference frame in which it is measured. In other words, theris noaether that supports
light's vibrations and in the process in uences its speed | aremarkable fact that came as
a great experimental surprise to physicists at the end of theineteenth century.

The constancy of the speed of light is built into Maxwell's egations. In order for the
Maxwell equations to be frame independent, the speed of ligkvhich appears in them, must
also be frame independent. In this sense, the constancy okttkpeed of light follows from
the Principle of Relativity; it is not an independent postuhte. This is illustrated in Box 1.2.



Box 1.2
Measuring the Speed of Light Without Light

189 q’.m Vv
g,m
r 1
e . I

In some inertial reference frame we perform two experimenising two particles, one with
a large chargeQ); the other, a test particle, with a much smaller chargg and mass . In
the rst experiment we place the two particles at rest, sepated by a distancej xj r
and measure the electrical repulsive acceleratiom of q (left diagram). In Gaussian
cgs units (where the speed of light shows up explicitly inse of via , , = 1=¢), the
acceleration isa, = qQ=r* . In the second experiment, we conned® to ground by a
long wire, and we placeg at the distancej xj = r from the wire and set it moving at
speedv parallel to the wire. The chargeQ ows down the wire with an e-folding time

so the current isl = dQ=d = (Q=)e ¥ . At early times 0 <'t , this current
| = Q= produces a solenoidal magnetic eld at with eld strength B = (2=cr)(Q=),
and this eld exerts a magnetic force org, giving it an accelerationa,, = q(v=gB= =
2vgQ=@& r= . The ratio of the electric acceleration in the rst experimet to the magnetic
acceleration in the second experiment ig.=a, = ¢ =2rv. Therefore, we can measurg
the speed of lightc in our chosen inertial frame by performing this pair of expéments,
carefully measuring thepseparatiom, speedyv, current Q= , and accelerations, and then
simply computing c = = (2rv= )(a.=an). The principle of relativity insists that the
result of this pair of experiments should be independent ohé inertial frame in which
they are performed. Therefore, the speed of liglatwhich appears in Maxwell's equations
must be frame-independent. In this sense, the constancy dfet speed of light follows|
from the Principle of Relativity as applied to Maxwell's eqations.

The constancy of the speed of light was veri ed with very higlprecision in an era when
the units of length (centimeters) and the units of time (seauds) were de ned independently.
By 1983, the constancy had become so universally accepteditit was used to rede ne the
meter (which is hard to measure precisely) in terms of the saud (which is much easier to

measure with modern technolodgy: The meter is now related to the second in such a way

4The second is de ned as the duration of 9,192,631,770 perisdof the radiation produced by a certain
hyper ne transition in the ground state of a '33Cs atom that is at rest in empty space. Today (2008) all
fundamental physical units except mass units (e.g. the kilgram) are de ned similarly in terms of fundamental
constants of nature.
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that the speed of light is preciselyc = 299;792 458 m s? ; i.e., one meter is the distance
traveled by light in (1=299 792 458) seconds.

Because of this constancy of the light speed, it is permisibwhen studying special
relativity to set c to unity. Doing so is equivalent to the relationship

c=2:99792458 10°%cms =1 (1.3a)
between seconds and centimeters; i.e., equivalent to
1 second = 299792458 10 cm: (1.3b)

We shall refer to units in whichc = 1 as geometrized units and we shall adopt them
throughout this book, when dealing with relativistic physcs, since they make equations look
much simpler. Occasionally it will be useful to restore theattors ofc to an equation, thereby
converting it to ordinary (Sl or Gaussian-cgs) units. This estoration is achieved easily using
dimensional considerations. For example, the equivalenoémassm and energyE is written
in geometrized units asE = m. In cgs units E has dimensions ergs = gram cfsec ?,
while m has dimensions of grams, so to make= m dimensionally correct we must multiply
the right side by a power ofc that has dimensions cri¥sec?, i.e. by ¢Z; thereby we obtain
E = mc2

We turn, next, to another fundamental concept, theinterval ( s)? between the two
eventsP and Q whose separation vector is %. In a speci c but arbitrary inertial reference
frame and in geometrized units, ( s)? is given by

(92  (D2+( )?+( y)?+( 2)°= (t)2+A i X X (1.4a)
i5j

cf. Eq. (1.2). Here j is the Kronecker delta, (unity if i = j; zero otherwise) and the spatial
indicesi andj are summed over 1, 2, 3. If (s)? > 0, the eventsP and Q are said to have a
spacelikeseparation; if ( s)? = 0, their separation isnull or lightlike; and if ( s)? < 0, their
separation istimelike. For timelike separations, ( s)2 < 0 implies that s is imaginary; to
avoid dealing with imaginary numbers, we describe timelikmtervals by

( ) (9% (1.4b)

whose square root s real.
The coordinate separation betweer® and Q depends on one's reference frame; i.e., if
x “and x are the coordinate separations in two di erent frames, then x ° 6 x .
Despite this frame dependence, the principle of relativitjorces the interval ( s)? to be the
same in all frames:

( 92= ()°+( x)*+( V°+( 2)°
= (924 xPH( ¥ H( 2D (1.5)

We shall sketch a proof for the case of two even® and Q whose separation is timelike:
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Fig. 1.5: Geometry for proving the invariance of the interval.

Choose the spatial coordinate systems of the primed and ummed frames in such a way
that (i) their relative motion (with speed that will not enter into our analysis) is along the
x direction and the x°direction, (ii) event P lies on thex and x°axes, and (iii) eventQ lies in
the x-y plane and in thex®y°plane, as shown in Fig. 1.5. Then evaluate the interval betwa
P and Q in the unprimed frame by the following construction: Place anirror parallel to the
x-z plane at precisely the heighth that permits a photon, emitted from P, to travel along
the dashed line of Fig. 1.5 to the mirror, then re ect o the mirror and continue along the
dashed path, arriving at eventQ. If the mirror were placed lower, the photon would arrive
at the spatial location of Q sooner than the time ofQ; if placed higher, it would arrive later.
Then the distance the photon travels (the length of the two-egment dashed line) is equal
toc t= t, where tis the time between eventd and Q as measured in the unprimed
frame. If the mirror had not been present, the photon would ha arrived at eventR after
time t, soc tis the distance betweerP and R. From the diagram it is easy to see that
the height of R above thex axis is & y, and the Pythagorean theorem then implies that

( 92= (*+( )2+ y)?= (2h  y)>+( y)*: (1.6a)
The same construction in the primed frame must give the samerfula, but with primes
( 9= (P?+( x+( yI?= (@h°  y)?+( ¥I*: (1.6b)

The proof that ( s9? = ( s)? then reduces to showing that the principle of relativity
requires that distances perpendicular to the direction ofelative motion of two frames be
the same as measured in the two frameb®= h, y°= y. We leave it to the reader to
develop a careful argument for this [Ex. 1.2].

Because of its frame invariance, the interval (s)? can be regarded as a geometric property
of the vector x that reaches fromP to Q; we shall call it the squared length( %)? of x:

(%% ( 97 (1.7)

Note that this squared length, despite its name, can be negat (for timelike %) or zero
(for null %) as well as positive (for spacelike x).
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This invariant interval between two events is as fundamentao Minkowski spacetime as
the Euclidean distance between two points is to at 3-spacelust as the Euclidean distance
gives rise to the geometry of 3-space, as embodied, e.g., ickd's axioms, so the interval
gives rise to the geometry of spacetime, which we shall be &qng. If this spacetime
geometry were as intuitively obvious to humans as is Euclida geometry, we would not
need the crutch of inertial reference frames to arrive at itNature (presumably) has no need
for such a crutch. To Nature (it seems evident), the geometrgf Minkowski spacetime, as
embodied in the invariant interval, is among the most fundamntal aspects of physical law.

Before we leave this central idea, we should emphasize thacuum electromagnetic
radiation is not the only type of wave in nature. In this courg, we shall encounter dispersive
media, like optical bers or plasmas, where electromagnetsignals travel slower tharc, and
we shall analyze sound waves and seismic waves where the gong laws do not involve
electromagnetism at all. How do these t into our special raitivistic framework? The answer
is simple. Each of these waves requires an underlying meditimat is at rest in one particular
frame (not necessarily inertial) and the velocity of the was, speci cally the group velocity,
is most simply calculated in this framefrom the waves' and medium's fundamental laws
We can then use the kinematic rules of Lorentz transformatits to compute the velocity in
another frame. However, if we had chosen to compute the waveegd in the second frame
directly, using the same fundamental lawsve would have gotten the same answer, albeit
perhaps with greater e ort. All waves are in full compliancewith the principle of relativity.
What is special about vacuum electromagnetic waves and, bytension, photons, is that no
medium (or \ether" as it used to be called) is needed for thenotpropagate. Their speed is
therefore the same in all frames.

This raises an interesting question. What about other wavethat do not require an
underlying medium? What about electron de Broglie waves? kHethe fundamental wave
equation, Schredinger's or Dirac's, is mathematically derent from Maxwell's and contains
an important parameter, the electron rest mass. This allowthe fundamental laws of rela-
tivistic quantum mechanics to be written in a form that is thesame in all inertial reference
frames and that allows an electron, considered as either awgaor a particle, to travel at a
di erent speed when measured in a di erent frame.

What about non-electromagnetic waves whose quanta have vglining rest mass? For a
long while, we thought that neutrinos provided a good examp| but we now know from
experiment that their rest masses are non-zero. However ette are other particles that have
not yet been detected, including photinos (the hypotheside supersymmetric partners to
photons) and gravitons (and their associated gravitationavaves which we shall discuss in
Chapter 26), that are believed to exist without a rest mass (oan ether!), just like photons.
Must these travel at the same speed as photons? The answer tost question, according
to the principle of relativity, is \yes". The reason is simpk. Suppose there were two such
waves (or particles) whose governing laws led to di erent s@ds,c and c°< ¢, each the same
in all reference frames. If we then move with speet? in the direction of propagation of
the second wave, we would bring it to rest, in conict with ourhypothesis that its speed is
frame-independent. Therefore all signals, whose govergitaws require them to travel with
a speed that has no governing parameters (no rest mass and naerlying medium with
physical properties) must travel with a unique speed which evcall \c". The speed of light
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is more fundamental to relativity than light itself!

kkkkkkkkkkhkkkkkkkkhkkhkkkkkkkkk

EXERCISES

Exercise 1.1 Practice: [R] Geometrized Units
Convert the following equations from the geometrized unitén which they are written to
cgs/Gaussian units:

(@) The \Planck time" tp expﬁeged in terms of Newton's gravitation constanG and
Planck's constant~, tp = G~. What is the numerical value oftp in seconds? in
meters?

(b) The Lorentz force lawmdv=dt= e(E+ v B).

(c) The expressionp = ~! n for the momentum p of a photon in terms of its angular
frequency! and direction n of propagation.

How tall are you, in seconds? How old are you, in centimeters?

Exercise 1.2 Derivation and Example: [R] Invariance of the Interval

Complete the derivation of the invariance of the interval gien in the text [Egs. (1.6)], using
the principle of relativity in the form that the laws of physics must be the same in the primed
and unprimed frames. Hints, if you need them:

(a) Having carried out the construction shown in Fig. 1.5 inhe unprimed frame, use the
same mirror and photons for the analogous construction in éhprimed frame. Argue
that, independently of the frame in which the mirror is at res (unprimed or primed),
the fact that the re ected photon has (angle of re ection) = (angle of incidence) in
the primed frame implies that this is also true for this same fpoton in the unprimed
frame. Thereby conclude that the construction leads to Eq.1(6b) as well as to (1.6a).

(b) Then argue that the perpendicular distance of an event @m the commonx and x°
axis must be the same in the two reference frames, 8= h and y°= y; whence
Egs. (1.6b) and (1.6a) imply the invariance of the interval.[For a leisurely version of
this argument, see Secs. 3.6 and 3.7 of Taylor and Wheeler 23]

*kkkkkkkkkkkkkkkkkkkkkkkkkkk
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1.3 [N & R] Tensor Algebra Without a Coordinate Sys-
tem

We now pause in our development of the geometric view of phyal laws, to introduce, in a
coordinate-free way, some fundamental concepts of di ereal geometry: tensors, the inner
product, the metric tensor, the tensor product, and contration of tensors. In this section
we shall allow the space in which the concepts live to be eithd-dimensional Minkowski
spacetime, or 3-dimensional Euclidean space; we shall denits dimensionality by N ; and
we shall use spacetime's arrowed notatioA for vectors even though the space might be
Euclidean 3-space.

We have already de ned a vectoA as a straight arrow from one point, say, in our space
to another, sayQ. Because our space is at, there is a unique and obvious way ttr@nsport
such an arrow from one location to another, keeping its lengtand direction unchanged.
Accordingly, we shall regard vectors as unchanged by suchatisport. This enables us to
ignore the issue of where in space a vector actually residdsis completely determined by
its direction and its length.

Fig. 1.6: A rank-3 tensor T.

A rank-n tensor T is, by de nition, a real-valued, linear function ofn vectors. Pictorially
we shall regardT as a box (Fig. 1.6) withn slots in its top, into which are insertedn vectors,
and one slot in its end, out of which rolls computer paper witfa single real number printed
on it: the value that the tensor T has when evaluated as a function of the inserted vectors.
Notationally we shall denote the tensor by a bold-face sarserif characterT

(i

- n slots in which to put the vectors

(1.8a)

If T is a rank-3 tensor (has 3 slots) as in Fig. 1.6, then its valuendahe vectorsA; B; C will
be denotedT (A; B; C). Linearity of this function can be expressed as

T(E+fF;B;C)= eT(E;B;C)+ fT(F;B;C); (1.8b)

wheree and f are real numbers, and similarly for the second and third slst
We have already de ned thesquared length(A)?  A? of a vector A as the squared
distance (in 3-space) or interval (in spacetime) between ¢hpoints at its tail and its tip. The
inner product A B of two vectors is de ned in terms of the squared length by
h i
1
A B 2 (K+B)? (K B)? : (1.9a)

5This is not so in curved spaces, as we shall see in Sec. 24.7.
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In Euclidean space this is the standard inner product, famér from elementary geometry.
Because the inner produc® B is a linear function of each of its vectors, we can regard
it as a tensor of rank 2. When so regarded, the inner product gdenotedg(_; ) and is
called the metric tensor. In other words, the metric tensorg is that linear function of two
vectors whose value is given by
g(A;B) A B: (1.9b)

Notice that, becauseA B = B A, the metric tensor issymmetric in its two slots; i.e., one
gets the same real number independently of the order in whiadne inserts the two vectors
into the slots:

g(A; B) = g(B; A) (1.9¢)

With the aid of the inner product, we can regard any vectoX as a tensor of rank one:
The real number that is produced when an arbitrary vectoC is inserted into A's slot is

A(C) A C: (1.9d)

Second-rank tensors appear frequently in the laws of physjoften in roles where one
sticks a single vector into the second slot and leaves the trslot empty thereby producing
a single-slotted entity, a vector. A familiar example is a gid body's (Newtonian) moment-
of-inertia tensor I(__;_). Insert the body's angular velocity vector into the second slot,
and you get the body's angular momentum vectod(_) = I(_; ). Other examples are the
stress tensor of a solid, a uid, a plasma or a eld (Sec. 1.1Zbw) and the electromagnetic
eld tensor (Secs. 1.4.3 and 1.10 below).

From three (or any number of) vectorsA, B, C we can construct a tensor, theitensor
product (also calledouter product in contradistinction to the inner product A B), de ned
as follows:

A B C(E:F.G) A(E)B(F)C(G)=(A E)B F)C G): (1.10a)

Here the rst expression is the notation for the value of the ew tensor,A’° B C evaluated
on the three vectors, F, G; the middle expression is the ordinary product of three real
numbers, the value ofA on E, the value of B on F, and the value ofC on G; and the
third expression is that same product with the three numbersewritten as scalar products.
Similar de nitions can be given (and should be obvious) forhte tensor product of any two
or more tensors of any rank; for example, it has rank 2 andS has rank 3, then

T S(E;F;G;H;J) T(E;F)S(G;H;J): (1.10b)

One last geometric (i.e. frame-independent) concept we shaeed is contraction. We
shall illustrate this concept rst by a simple example, thengive the general de nition. From
two vectors A and B we can construct the tensor producX B (a second-rank tensor), and
we can also construct the scalar produck B (a real number, i.e. ascalar, i.e. arank-0
tensor). The process of contraction is the construction of B from A B

contraction(A B) A B: (1.11a)
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One can show fairly easily using component techniques (Séd below) that any second-rank
tensor T can be expressed as a sum of tensor products of vectdrss A B+C D+ ::;
and correspondingly, it is natural to de ne the contractionof T to be contraction(T) =
A B+ C D+ ::. Note that this contraction process lowers the rank of the tesor by two,
from 2 to 0. Similarly, for a tensor of rankn one can construct a tensor of rankh 2 by
contraction, but in this case one must specify which slots arto be contracted. For example,
if T is a third rank tensor, expressible a§ = A B C+E F G+ ::; then the
contraction of T on its rst and third slots is the rank-1 tensor (vector)

1&3contractonA B C+E F G+::) (A CB+(E G)F+:::: (1.11b)

All the concepts developed in this section (vectors, tensgrmetric tensor, inner product,
tensor product, and contraction of a tensor) can be carriedver, with no change whatsoever,
into any vector spacé that is endowed with a concept of squared length.

1.4 Particle Kinetics and Lorentz Force Without a Ref-
erence Frame

In this section we shall illustrate our geometric viewpoinby formulating the laws of motion
for particles, rst in Newtonian physics and then in speciafelativity.

1.4.1 [N] Newtonian Particle Kinetics

In Newtonian physics, a classical particle moves through Elidean 3-space as universal
time t passes. At timet it is located at some pointx(t) (its position). The function x(t)
represents a curve in 3-space, the particlefsjectory. The particle's velocity v (t) is the time
derivative of its position, its momentum p(t) is the product of its massm and velocity, and
its accelerationa(t) is the time derivative of its velocity

v(t) = dx=dt; p(t)= mv(t); a(t)= dv=dt= d’x=dt*: (1.12)

Since points in 3-space are geometric objects (de ned indapdently of any coordinate sys-
tem), so also are the trajectoryx(t), the velocity, the momentum, and the acceleration.
(Physically, of course, the velocity has an ambiguity; it deends on one's standard of rest.)

Newton's second law of motion states that the particle’'s moenmtum can change only if
a forceF acts on it, and that its change is given by

dp=dt=ma= F: (1.13)

If the force is produced by an electric eldE and magnetic eld B, then this law of motion
takes the familiar Lorentz-force form

dp=dt=q(E+vVv B) (1.14)

6or, more precisely, any vector space over the real numbers.f the vector space's scalars are complex
numbers, as in quantum mechanics, then slight changes are aded.
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(here we have used the vector cross product, which will not batroduced formally un-
til Sec. 1.9 below). Obviously, these laws of motion are geetric relationships between
geometric objects.

1.4.2 [R] Relativistic Particle Kinetics: World Lines, 4-V elocity,
4-Momentum and its Conservation, 4-Force

In special relativity, a particle moves through 4-dimensical spacetime along a curve (its
world line) which we shall denote, in frame-independent notation, by( ). Here is time
as measured by an ideal clock that the particle carries (theagticle's proper time), and % is
the location of the patrticle in spacetime when its clock read (or, equivalently, the vector
from the arbitrary origin to that location).

The patrticle typically will experience an acceleration ag imoves|e.g., an acceleration
produced by an external electromagnetic eld. This raiseshe question of how the acceler-
ation a ects the ticking rate of the particle's clock. We de ne the accelerated clock to be
ideal if its ticking rate is totally una ected by its acceleration, i.e., if it ticks at the same
rate as a freely moving (inertial) ideal clock that is momerdrily at rest with respect to it.
The builders of inertial guidance systems for airplanes amdissiles always try to make their
clocks as acceleration-independent, i.e., as ideal, as pime.

We shall refer to the inertial frame in which a particle is morantarily at rest as its
momentarily comoving inertial frame or momentary rest frame Now, the particle's clock
(which measures ) is ideal and so are the inertial frame's clocks (which measicoordinate
time t). Therefore, a tiny interval of the particle's proper time is equal to the lapse
of coordinate time in the particle's momentary rest frame, = t. Moreover, since the
two eventsx( ) and x( + ) on the clock's world line occur at the same spatial location
in its momentary rest frame, xiP= 0 (wherei = 1; 2; 3), the invariant interval between

those eventsis (s)*= ( t)?+ ; x x 3= ( t)>= ( ) This shows thatthe
particle's proper time is equal to the square root of the invariant interval, = = s2, along
its world line.

x~"

Fig. 1.7: Spacetime diagram showing the world linex( ) and 4-velocity ¢ of an accelerated patrticle.
Note that the 4-velocity is tangent to the world line.

Figure 1.7 shows the world line of the accelerated particla a spacetime diagram where
the axes are coordinates of aarbitrary Lorentz frame. This diagram is intended to emphasize
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the world line as a frame-independent, geometric object. #d shown in the gure is the
particle's 4-velocity ¢, which (by analogy with the velocity in 3-space) is the time drivative
of its position:

4 dx=d : (1.15)

This derivative is de ned by the usual limiting process

dx Iir'nox( ) X0, (1.16)
The squared length of the patrticle's 4-velocity is easily sa to be 1:
¥ guyg= OX dx_axadx_ . (1.17)

d d ()2

The last equality follows from the fact thatdx dxis the squared length ofix which equals
the invariant interval ( s)? along it, and (d )? is minus that invariant interval.
The particle’'s 4-momentum is the product of its 4-velocity ad rest mass

P md=mdx=d dx=d : (1.18)

Here the parameter is a renormalized version of proper time,
=m : (1.19)

This , and any other renormalized version of proper time with poson-independent renor-
malization factor, are calleda ne parameters for the particle's world line. Expression (1.18),
together with the unit length of the 4-velocity % = 1, implies that the squared length of
the 4-momentum is
p>= m?: (1.20)
In quantum theory a particle is described by a relativistic wve function which, in the
geometric optics limit (Chapter 6), has a wave vectok that is related to the classical
particle's 4-momentum by
R=p=: (1.21)

The above formalism is valid only for particles with nonzeraoest mass,m 6 0. The
corresponding formalism for aarticle with zero rest masge.g. a photon or a gravitori) can
be obtained from the above by taking the limit asm! 0 andd ! 0 with the quotient
d = d =m held nite. More speci cally, the 4-momentum of a zero-resimass particle is well
de ned (and participates in the conservation law to be discgsed below), and it is expressible
in terms of the particle’'s a ne parameter by Eq. (1.18)

dx
p= a4 (1.22)

"We do not know for sure that photons and gravitons are massles but the laws of physics as currently
undertood require them to be massless and there are tight exgrimental limits on their rest masses.
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Fig. 1.8: Spacetime diagram depicting the law of 4-momentum consent#n for a situation where
two particles, numbered 1 and 2, enter an interaction regionV in spacetime, there interact strongly,
and produce two new particles, numberedl and 2. The sum of the nal 4-momenta, $; + %, must
be equal to the sum of the initial 4-momenta, p1 + .

X

However, the particle's 4-velocityd = p=mis in nite and thus unde ned; and proper time

= m ticks vanishingly slowly along its world line and thus is und ned. Because proper
time is the square root of the invariant interval along the wdd line, the interval between
two neighboring points on the world line vanishes identicBl; and correspondinglythe world
line of a zero-rest-mass particle is null (By contrast, sinced 2 > 0 and ds® < 0 along the
world line of a particle with nite rest mass, the world line of a nite-rest-mass patrticle is
timelike.)

The 4-momenta of particles are important because of thiaw of conservation of4-
momentum (which, as we shall see in Sec. 1.6, is equivalent to the cans#ion laws for
energy and ordinary momentum): If a number of \initial" particles, namedA =1;2;3; :::
enter a restricted region of spacetim®& and there interact strongly to produce a new set of
\ nal" particles, named A = 1;2;3; ::: (Fig. 1.8), then the total 4-momentum of the nal
particles must be be the same as the total 4-momentum of theitial ones:

AV 4 AV 4

P = P (1.23)

A A

Note that this law of 4-momentum conservation is expressed frame-independent, geomet-
ric languagelin accord with Einstein's insistence that all the laws of physics should be so
expressible. As we shall see in Part VI, momentum consenaiti is a consequence of the
translation symmetry of at, 4-dimensional spacetime. In gneral relativity's curved space-
time, where that translation symmetry is lost, we lose moméuam conservation except under
special circumstances; see Sec. 24.9.4.

If a particle moves freely (no external forces and no coll@is with other particles), then
its 4-momentum pwill be conserved along its world linedp=d = 0. Since pis tangent to the
world line, this means that the direction of the world line nger changes; i.e., the free particle
moves along a straight line through spacetime. To change tlparticle's 4-momentum, one
must act on it with a 4-forceF,

dp=d = F: (1.24)
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If the particle is a fundamental one (e.g., photon, electrgrproton), then the 4-force must
leave its rest mass unchanged,

0=dm?=d = dg=d = 2p dp=d = 2p F; (1.25)

i.e., the 4-force must be orthogonal to the 4-momentum.

1.4.3 [R] Geometric Derivation of the Lorentz Force Law

As an illustration of these physical concepts and mathematal tools, we shall use them to
deduce the relativistic version of the Lorentz force law. Bm the outset, in accord with
the principle of relativity, we insist that the law we seek beexpressible in geometric, frame-
independent language, i.e. in terms of vectors and tensors.

Consider a particle with chargeq and rest massm 6 0, interacting with an electromag-
netic eld. It experiences an electromagnetic 4-force whesnathematical form we seek. The
Newtonian version of the electromagnetic forcé = q(E + v B) is proportional to g and
contains one piece (electric) that is independent of veldgiv, and a second piece (magnetic)
that is linear in v. It is reasonable to expect that, in order to produce this Netgnian limit,
the relativistic 4-force F will be proportional to g and will be linear in the 4-velocity t.
Linearity means there must exist some second-rank tenséf_; ), the \electromagnetic
eld tensor", such that

dp=d = F(_)=gF(_;t): (1.26)

Because the 4-forc& must be orthogonal to the particle’'s 4-momentum and thencelso to
its 4-velocity, F 4 F(4) = 0, expression (1.26) must vanish wheri is inserted into its
empty slot. In other words, for all timelike unit-length vedors 4,

F(t;9 =0 : (1.27)

It is an instructive exercise (Ex. 1.3) to show that this is pesible only ifF is antisymmetric,
so the electromagnetic 4-force is

dp=d = gF(_;td); whereF(A;B)= F(B;A)forall AandB: (1.28)

This must be the relativistic form of the Lorentz force law. h Sec. 1.10 below, we shall
deduce the relationship of the electromagnetic eld tensoF to the more familiar electric
and magnetic elds, and the relationship of this relativisic Lorentz force to its Newtonian
form (1.14).

This discussion of particle kinematics and the electromagtic force is elegant, but per-
haps unfamiliar. In Secs. 1.6 and 1.10 we shall see that it guivalent to the more elementary
(but more complex) formalism based on components of vectors

*kkkkkkkkkkkkkkkkkkkkkkkkkkk

EXERCISES



21

Exercise 1.3 Derivation and Example: [R] Antisymmetry of Electromagnét Field Tensor
Show that Eq. (1.27) can be true for all timelike, unit-lengh vectors d if and only if F is

antisymmetric. [Hints: (i) Show that the most general secahtrank tensorF can be written as
the sum of a symmetric tensofs and an antisymmetric tensorA, and that the antisymmetric

piece contributes nothing to Eq. (1.27). (ii) LetB and C be any two vectors such thaB + C

and B C are both timelike; show that S(B; C) = 0. (iii) Convince yourself (if necessary
using the component tools developed in the next section) théhis result, together with the

4-dimensionality of spacetime and the large arbitrarinesaherent in the choice ofA and B,

implies S vanishes (i.e., it gives zero wheany two vectors are inserted into its slots).]

Exercise 1.4 [R] Problem: Relativistic Gravitational Force Law

In Newtonian theory the gravitational potential exerts a forceF = dp=dt= mr on
a particle with massm and momentum p. Before Einstein formulated general relativity,
some physicists constructed relativistic theories of grdy in which a Newtonian-like scalar
gravitational eld exerted a 4-force F = dp=d on any particle with rest massm, 4-
velocity ¢4 and 4-momentump = md. What must that force law have been, in order to (i)
obey the principle of relativity, (ii) reduce to Newton's lav in the non-relativistic limit, and
(i) preserve the particle's rest mass as time passes?

*kkkkkkkkkkkkkkkkkkkkkkkkkkk

1.5 Component Representation of Tensor Algebra

1.5.1 [N] Euclidean 3-space

In the Euclidean 3-space of Newtonian physics, there is a aoie set oforthonormal basis
vectorsfey;ey;e,g f er;ey; esgassociated with anyCartesian coordinate systeni x; y; zg
fx1:x%;x3g f Xi;X2;X3g. [In Cartesian coordinates in Euclidean space, we will usiyaplace
indices down, but occasionally we will place them up. It doe% matter. By de nition, in
Cartesian coordinates a quantity is the same whether its ik is down or up.] The basis
vector g points along the x; coordinate direction, which is orthogonal to all the other
coordinate directions, and it has unit length, so

e &= jk: (1.29a)
Any vector A in 3-space can be expanded in terms of this basis,
A= Aj € : (129b)

Here and throughout this book, we adopt the Einstein summatin convention: repeated
indices (in this casej) are to be summed (in this 3-space case over= 1;2;3). By virtue
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(b)

Fig. 1.9: (a) The orthonormal basis vectorse; associated with a Euclidean coordinate system in
3-space; (b) the orthonormal basis vectorse associated with an inertial (Lorentz) reference frame
in Minkowski spacetime.

of the orthonormality of the basis, the component#\; of A can be computed as the scalar
product

Aj=A g: (1.29¢)
(The proof of this is straightforward: A e = (Axex) € = Ac(ex g)= Ax «j = Aj.)
Any tensor, say the third-rank tensorT(_; ;_ ), can be expanded in terms of tensor
products of the basis vectors:
T=Tke € e: (1.29d)

The componentsT, of T can be computed fromT and the basis vectors by the generalization
of Eq. (1.29c¢)
Tik = T(ei;€;€) - (1.29¢)

(This equation can be derived using the orthonormality of te basis in the same way as
Eq. (1.29c) was derived.) As an important example, the compents of the metric are
Ok = 9(e;e) = g e = j [where the rst equality is the method (1.29e) of computing
tensor components, the second is the de nition (1.9b) of thenetric, and the third is the
orthonormality relation (1.29a)]:

gk = jx In any orthonormal basis in 3-space. (1.29f)

In Part VI we shall often use bases that are not orthonormal;ni such bases, the metric
components will not be jy.

The components of a tensor product, e gt (_; ; ) S(_; ), are easily deduced by
inserting the basis vectors into the slots [Eq. (1.29¢e)]; &8y are T(e;;e;ex) S(e;em) =
Tix Sm [cf. Eq. (1.10a)]. In words, the components of a tensor produare equal to the
ordinary arithmetic product of the components of the indivilual tensors.

In component notation, the inner product of two vectors andhe value of a tensor when
vectors are inserted into its slots are given by

A B=ABj; T(A;B;C)= Ty AiBjCy; (1.299)

as one can easily show using previous equations. Finallyethontraction of a tensor [say, the
fourth rank tensorR(__; ; ; )] on two of its slots [say, the rst and third] has components
that are easily computed from the tensor's own components:

Components of [1&3contraction ofR] = Rjji (1.29h)
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Note that Rji is summed on thei index, so it has only two free indices} and k, and thus
is the component of a second rank tensor, as it must be if it i® trepresent the contraction
of a fourth-rank tensor.

1.5.2 [R] Minkowski Spacetime

In Minkowski spacetime, associated with aninertial reference frame(Fig. 1.3 and associated
discussion in Sec. 1.2.2), there is lorentz coordinate systemft;x;y;zg = fx%x!;x?;x%g
generated by the frame's rods and clocks. And associated lwithese coordinates is a set
of orthonormal basis vectorsfq;€;€,;60 = f&;€;®;&g; cf. Fig. 1.9. (The reason for
putting the indices up on the coordinates but down on the basivectors will become clear
below.) The basis vectore points along thex coordinate direction, which is orthogonal to
all the other coordinate directions, and it has squared letiy 1 for =0 (vector pointing
in a timelike direction) and +1 for =1;2;3 (spacelike):

€ € = : (1.30)

Here | the orthonormality values(a spacetime analog of the Kronecker delta) are de ned
by
00 1; 11 22 3 1; oif 6 (1.31)

The factthate € 6 prevents many of the Euclidean-space component-manipuia
formulas (1.29¢){(1.29h) from holding true in Minkowski spcetime. There are two ap-
proaches to recovering these formulas. One approach, usednany old textbooks (includ-
ing the rst and second editions of GoldsteilgSCIassicaI Mechanicsand Jackson'sClassical
Electrodynamics, is to setx? = it, wherei = = 1 and correspondingly make the time basis
vector be imaginary, so thate € = . When this approach is adopted, the resulting
formalism does not care whether indices are placed up or dgvame can place them wherever
one's stomach or liver dictate without asking one's brain. blwever, thisx® = it approach
has severe disadvantages: (i) it hides the true physical gaetry of Minkowski spacetime, (ii)
it cannot be extended in any reasonable manner to non-orthormal bases in at spacetime,
and (iii) it cannot be extended in any reasonable manner to #hcurvilinear coordinates that
one must use in general relativity. For these reasons, mosbuatern texts (including the third
editions of Goldstein and Jackson) take an alternative appeach, one always used in general
relativity. This alternative, which we shall adopt, requires introducing two di erent types of
components for vectors, and analogously for tensoreontravariant componentsdenoted by
superscripts, e.gT , and covariant componentsdenoted by subscripts, e.gT . In Parts
l{V of this book we introduce these components only for orthmormal bases; in Part VI we
develop a more sophisticated version of them, valid for nortbonormal bases.

A vector or tensor'scontravariant componentsare de ned as its expansion coe cients in
the chosen basis [analog of Eg. (1.29d) in Euclidean 3-splace

A Ae; T T £ € €. (1.32a)

Here and throughout this book,Greek (spacetime) indices are to be summed whenever they
are repeated with one up and the other dowiThe covariant componentsare de ned as the
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numbers produced by evaluating the vector or tensor on its B& vectors [analog of EqQ.
(1.29e) in Euclidean 3-space]:

A Ae)=AK e; T T(e;e;e): (1.32b)

These de nitions have a number of important consequences. é\¢hall derive them one
after another and then at the end shall summarize them sucdatty with equation numbers:

(i) The covariant components of the metric tensor argy = g(e;e) =€ € = .
Here the rst equality is the de nition (1.32b) of the covariant components and the
second equality is the orthonormality relation (1.30) for lhe basis vectors.

(i) The covariant components of any tensor can be computeddm the contravariant com-
ponentsbyT =T(e;e;2)=T e € =e(e;e;e)=T (e €)(e €)(e
€)=T g g g . The rstequality is the de nition (1.32b) of the covariant com-
ponents, the second is the expansion (1.32a) Bfon the chosen basis, the third is the
de nition (1.10a) of the tensor product, and the fourth is ore version of our result (i)
for the covariant components of the metric.

(i) Thisresult, T =T g g g ,togetherwith the numerical values (i) ofg , implies
that when one lowers a spatial index there is no change in thaimerical value of a
component, and when one lowers a temporal index, the sign dugs: T = TUk,
Tok = T Too=+TY% Toeo= TO%. We shall call this the \sign- ip-if-temporal”
rule. As a special case, 1 = goo=g*°, 0=g4 = g%, k = gk = ¢ | i.e, the
metric's covariant and contravariant components are numerally identical; they are
both equal to the orthonormality values

(iv) Itis easy to see that this sign- ip-if-temporal rule for lowering indices implies the same

sign- ip-if-temporal rule for raising them, which in turn can be written in terms of
metric componentsasT =T g g ¢

(v) Itis convenient to de ne mixed component®f a tensor, components with some indices
up and others down, as having numerical values obtained byisang or lowering some
but not all of its indices using the metric,egT =T g g =T g . Numeri-
cally, this continues to follow the sign- ip-if-temporal rule: T%, = T%, T, = Tk,
and it implies, in particular, that the mixed components of he metric areg =
(the Kronecker-delta values; plus one if = and zero otherwise).

Summarizing these results:The numerical values of the components of the metric in
Minkowski spacetime are

g = ;9= ;0= ;0= ; (1.32¢)

and indices on all vectors and tensors can be raised and loweresing these components of
the metric

A =gA; A=gA; T ggT T gg T ; (1.32d)
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which says numerically thatlowering a temporal index changes the component's sign and
lowering a spatial index leaves the component unchanged|drsimilarly for raising indices;
the sign- ip-if-temporal rule

This index notation gives rise to formulas for tensor produs, inner products, values of
tensors on vectors, and tensor contractions, that are the vious analogs of those in Euclidean
space:

[Contravariant components of T(_; _; ) S(; )]=T S ; (1.32¢)

A B=AB =AB ; T(A;B;C)=T ABC =T ABC,; (1.32f)
Covariant components of [1&3contraction oR] = R ;

Contravariant components of [1&3contraction ofR] = R : (1.329)

Notice the very simple pattern in Egs. (1.32), which univeily permeates the rules of
index gymnastics, a pattern that permits one to reconstructhe rules without any memo-
rization: Free indices (indices not summed over) must agree in posiidup versus down)
on the two sides of each equationn keeping with this pattern, one often regards the two
indices in a pair that is summed (one index up and the other daw as \strangling each
other" and thereby being destroyed, and one speaks of \lignup the indices" on the two
sides of an equation to get them to agree.

In Part VI, when we use non-orthonormal basis, all of these dex-notation equations
(2.32) will remain valid unchanged except for the numericavalues (1.32c) of the metric
components and the sign- ip-if-temporal rule.

1.5.3 [N & R] Slot-Naming Index Notation

[Note: In this and other sections marked \N&R", the Newtonian reade should mentally
lower all indices on tensor components and make them Latin;ge should mentally change
T = T g in Eq. (1.33) tO Taba = abcgac.]

We now pause, in our development of the component version @isor algebra, to intro-
duce a very important new viewpoint:

Consider the rank-2 tensor=(_; ). We can de ne a new tensorG(_; ) to be the
same asF, but with the slots interchanged; i.e., for any two vectorsA and B it is true
that G(A; B) = F(B;A). We need a simple, compact way to indicate thaF and G are
equal except for an interchange of slots. The best way is tovgi the slots names, say
and |[i.e., to rewrite F(_;_) asF(_ ;_ ) or more conveniently asF ; and then to
write the relationship betweenG and F asG = F . \NO!" some readers might object.
This notation is indistinguishable from our notation for canponents on a particular basis.
\GOOD!" a more astute reader will exclaim. The relatiorlG = F in a particular basis
is a true statement if and only if \G = F with slots interchanged" is true, so why not use
the same notation to symbolize both? This, in fact, we shallal We shall ask our readers to
look at any \index equation” such asG = F like they would look at an Escher drawing:
momentarily think of it as a relationship between componestof tensors in a speci c basis;
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then do a quick mind- ip and regard it quite di erently, as a relationship between geometric,
basis-independent tensors with the indices playing the &8 of names of slots. This mind- ip
approach to tensor algebra will pay substantial dividends.

As an example of the power of thislot-naming index notation, consider the contrac-
tion of the rst and third slots of a third-rank tensor T. In any basis the components of
1&3contraction(T) areT  ; cf. Eq. (1.32g). Correspondingly, in slot-naming index riation
we denote 1&3contractionT) by the simple expressionT . We say that the rst and third
slots are \strangling each other" by the contraction, leavig free only the second slot (nhamed

) and therefore producing a rank-1 tensor (a vector).
By virtue of the \index-lowering" role of the metric, we can dso write the contraction as

T =T g ; (1.33)

and we can look at this relation from either of two viewpoints The component viewpoint
says that the components of the contraction of in any chosen basis are obtained by taking
a product of components off and of the metric g and then summing over the appropriate
indices. The slot-naming viewpoint says that the contractin of T can be achieved by taking
a tensor product of T with the metric gtogetT g(_; ; ; ; )(orT g inslot-
naming index notation), and by then strangling on each othethe rst and fourth slots
[named in Eqg. (1.33)], and also strangling on each other the third ah fth slots [named

in Eq. (1.33)].
kkkkkkkkkkkkkkkkkkkkkkkkkkkk

EXERCISES

Exercise 1.5 Derivation: [N & R] Component Manipulation Rules

If you are studying only the Newtonian part of this book, dere the component manipulation
rules (1.29g) and (1.29h); otherwise, derive the relatitis rules (1.32e){(1.32g). As you
proceed, abandon any piece of the exercise when it becomegdf for you.

Exercise 1.6 Practice: [N & R] Numerics of Component Manipulations

(@) In Euclidean space, in some Cartesian basis, the third mi& tensor S(_; ; ) and
vectors A and B have as their only nozero componentS;,3 = Syz; = Sg12 = +1,
A; =3, By =4, B, = 5. What are the components of the vectorS(A;B; ), the
vector S(A; ;B) and the tensorA B?

(b) In Minkowski spacetime, in some inertial reference frae the vector A and second-
rank tensor T have as their only nonzero componentd® =1, Al =2, A2 = A3 =(;
TO=3, T =TV=2 Tl = 1 EvaluateT(A;A) and the components ofl (A; )
andA T.

Exercise 1.7 Practice: [N & R] Meaning of Slot-Naming Index Notation
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(a) In Euclidean space, the following expressions and eqiats are written in slot-naming
index notation; convert them to geometric, index-free notéon: A;Bjc; AiBji, Sjkx =
Si» AiBi = AiBjg; .

(b) In Euclidean space, the following expressions are wréh in geometric, index-free no-
tation; convert them to slot-naming index notation: T(_; ;A); T(_;S(B; _); ).

(c) In Minkowski spacetime, convertT (_ ; S(R(C;_); _);_ ) into slot-naming index nota-
tion.

Exercise 1.8 Practice: [R] Index Gymnastics

(a) Simplify the following expression so that the metric doenot appearinitt A g S g g

(b) The quantity g g is a scalar since it has no free indices. What is its numerical
value?

(c) What is wrong with the following expression and equatioh A’ S ;A ST =
R S.

kkkkkkkkkkkkkkkkkkkhkkhkkkkkkk

1.6 [R] Particle Kinetics in Index Notation and in a
Lorentz Frame

As an illustration of the component representation of tensoalgebra, let us return to the
relativistic, accelerated particle of Fig. 1.7 and, from th frame-independent equations for
the particle's 4-velocity ¢ and 4-momentumy (Sec. 1.4), derive the component description
given in elementary textbooks.

We introduce a speci c inertial reference frame and assotga Lorentz coordinatesx and
basis vectorsf € g. In this Lorentz frame, the particle's world linex( ) is represented by its
coordinate locationx ( ) as a function of its proper time . The contravariant components
of the separation vectordx between two neighboring events along the particle's worldnle
are the events' coordinate separationdx [Eg. (1.2)|which is why we put the indices up
on coordinates]; and correspondingly, the components ofelparticle's 4-velocityt = dx=d
are

= q (1.34a)

(the time derivatives of the particle's spacetime coordirtas). Note that Eq. (1.34a) implies

Vi — = = (1.34b)
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Fig. 1.10: Spacetime diagram in a specic Lorentz frame, showing the fame's 3-spacet = 0
(stippled region), the 4-velocity ¢ of a particle as it passes through that 3-space (i.e., at time
t = 0); and two 3-dimensional vectors that lie in the 3-space: he spatial part of the particle's
4-velocity, u, and the particle's ordinary velocity v.

HereVl are the components of therdinary velocity as measured in the Lorentz frame. This

relation, together with the unitnormof 4, ## =g uu = (u%2+ ;uu = 1, implies
that the components of the 4-velocity have the forms familiafrom elementary textbooks:
0o_ . i— o\ _ 1 .
u= ; u=v,; where =———: (1.34¢)
1 jvivi)?

It is useful to think of v/ as the components of a 3-dimensional vectar, the ordinary
velocity, that lives in the 3-dimensional Euclidean spacé = const of the chosen Lorentz
frame. As we shall see below, this 3-space is not well de nedtii a Lorentz frame has
been chosen, and correspondingly, relies for its existence on a specic choice of frame.
However, once the frame has been chosencan be regarded as a coordinate-independent,
basis-independent 3-vector lying in the frame's 3-spate=const. Similarly, the spatial part
of the 4-velocity ¢ (the part with componentsu in our chosen frame) can be regarded as a
3-vector u lying in the frame's 3-space; and Egs. (1.34c) become the qooment versions of
the coordinate-independent, basis-independent 3-spacdations

u= v; = 91: : (1.34d)
1 v2
Figure 1.10 shows stippled the 3-spate= 0 of a speci ¢ Lorentz frame, and the 4-velocity
+ and ordinary velocity v of a particle as it passes through that 3-space.
The components of the particle's 4-momentunpin our chosen Lorentz frame have special
names and special physical signi cances: The time componesf the 4-momentum is the
particle's energy E as measured in that frame

E pPP=mul=m = pﬁ = (the particle's energy)

1 .
m + émv2 forv jvj 1: (1.35a)

Note that this energy is the sum of the particle'sest mass-energym = mc? and its kinetic
energy m m (which, for low velocities, reduces to the familiar nonretavistic kinetic
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energyE = %mvz). The spatial components of the 4-momentum, when regardetbm the
viewpoint of 3-dimensional physics, are the same as the cooments of themomentum a
3-vector residing in the chosen Lorentz frame's 3-space:

mv!

P=mu=mv!= P = Ev; = (j-component of particle's momentum) ; (1.35b)

or, in basis-independent, 3-dimensional vector notation,

p=mu=myvV= p% = Ev = (particle's momentum) : (1.35c¢)
Vv

For a zero-rest-mass particle, as for one with nite rest mas we identify the time com-
ponent of the 4-momentum, in a chosen Lorentz frame, as the ntale's energy, and the
spatial part as its momentum. Moreover, iflappealing to quantum theory|we regard a
zero-rest-mass particle as a quantum associated with a ma@hoomatic wave, then quantum
theory tells us that the wave's angular frequency as measured in a chosen Lorentz frame
will be related to its energy by

E p’= ~! = (particle's energy) ; (1.36a)

and, since the particle hag? = (p°)?+ p?2= m? =0 (in accord with the lightlike nature
of its world line), its momentum as measured in the chosen Lemtz frame will be

p=En=-~In: (1.36b)

Heren is the unit 3-vector that points in the direction of travel ofthe particle, as measured in
the chosen frame; i.e. (since the particle moves at the spegfdight v = 1), n is the particle's
ordinary velocity. Egs. (1.36a) and (1.36b) are the tempoltand spatial components of the
geometric, frame-independent relatiop = ~K [Eq. (1.21), which is valid for zero-rest-mass
particles as well as nite-mass ones].

The introduction of a specic Lorentz frame into spacetime @n be said to produce a
\3+1" split of every 4-vector into a 3-dimensional vector pus a scalar (a real number). The
3+1 split of a particle's 4-momentum p produces its momentump plus its energyE = p°;
and correspondingly, the 3+1 split of the law of 4-momentumanservation (1.23) produces
a law of conservation of momentum plus a law of conservatiori energy:

X X X X
Pa = Pa ; Ea = Ea: (1.37)

A A A A

Here the unbarred quantities are the momenta or energies dfie particles entering the
interaction region, and the barred quantities are the momea or energies of those leaving;
cf. Fig. 1.8.

Because the concept of energy does not even exist until ones lthosen a Lorentz frame,
and neither does that of momentum, the laws of energy consat®n and momentum con-
servation separately are frame-dependent laws. In this smnthey are far less fundamental
than their combination, the frame-independent law of 4-moentum conservation.
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Box 1.3
[N] Relativistic Particles for Newtonian Readers
Readers who are skipping the relativistic parts of this boolill need to know two im-
portant pieces of relativity: (i) geometrized units, as embdied in Egs. (1.3), and (ii) the
(relativistic) energy and momentum of a moving particle, aslescribed here:

A particle with rest massm, moving with ordinary velocity v = dx=dt and speedv = jvj,
has energ)E (including its rest-mass), energye and momentump given by

m m mv
E= p—— n_——— E+m; =Ev=p——: 1
1T v2 T 1 ve=@ P 1 V2 @)

[Egs. (1.35)]. In the low-velocity, Newtonian limit, the errgy E with rest mass removed
and the momentump and take their familiar, Newtonian forms:

1
Whenv ¢ 1, E! émv2 andp! mv: (2)

A particle with zero rest mass (a photon or a gravitof) always moves with the speed of
light v= c=1, and like other particles it has has momentunp = Ev, so the magnitude
of its momentum is equal to its energyjpj = Ev = E.

When patrticles interact (e.g. in chemical reactions, nuck reactions, and elementary-
particle collisons) the sum of the particle energieg is conserved, as is the sum of th
particle momentap: Eq. (1.37).

1Y%

By learning to think about the 3+1 split in a geometric, frameindependent way, one
can gain much conceptual and computational power. As a exalepconsider a particle with
4-momentum g, as studied by an observer with 4-velocityd. In the observer's own Lorentz
reference frame, her 4-velocity has componentt = 1 and U’ = 0, and therefore, her 4-
velocity isU = U € = &, i.e. it is identically equal to the time basis vector of her brentz
frame. This means that the particle energy that she measurésE=p°= po= P &=

p O. This equation, derived in the observer's Lorentz frame, &ctually a geometric, frame-
independent relation: the inner product of two 4-vectors.tlsays that when an observer with
4-velocity O measures the energy of a particle with 4-momentugy the result she gets (the
time part of the 3+1 split of pas seen by her) is

E= p O: (1.38)

We shall use this equation fairly often in later chapters. IrExs. 1.9 and 1.10, the reader
can get experience at deriving and interpreting other frammdependent equations for 3+1
splits. Exercise 1.11 exhibits the power of this geometricay of thinking by using it to derive
the Doppler shift of a photon.

kkkkkkkkkkkkkkkkkhkkhkkhkkkkkkk

EXERCISES
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Exercise 1.9 **Practice: [R] Frame-Independent Expressions for EnergyMomentum, and

Velocity?®
An observer with 4-velocity U measures the properties of a particle with 4-momenturp.

The energy she measures 5= p E, Eq. (1.38).

(a) Show that the rest mass the observer measures is computlirom

m?= g (1.39a)
(b) Show that the momentum the observer measures has the maigile
ipi=I(p U+ p d: (1.39b)
(c) Show that the ordinary velocity the observer measures Bahe magnitude

i,
jvj = = (139C)

wherejpj and E are given by the above frame-independent expressions.

(d) Show that the ordinary velocity v, thought of as a 4-vector that happens to lie in the
observer's 3-space of constant time, is given by
+
_ p+(p OO (1.39d)
p 0O

Y

Exercise 1.10 **Example: [R] 3-Metric as a Projection Tensor
Consider, as in Exercise 1.9, an observer with 4-velociy who measures the properties of
a particle with 4-momentum .

(&) Show that the Euclidean metric of the observer's 3-spacehen thought of as a tensor
in 4-dimensional spacetime, has the form

P g+0 O: (1.40a)

Show, further, that if A is an arbitrary vector in spacetime, then A U is the com-
ponent of A along the observer's 4-velocityd, and

P(_:A)= A+(A D)U (1.40b)

is the projection of A into the observer's 3-space; i.e., it is the spatial part ok as seen
by the observer. For this reasonP is called aprojection tensor. In quantum mechanics
one introduces the concept of @rojection operator P as an operator that satis es the
equation P2 = P. Show that the projection tensorP is a projection operator in the

guantum mechanical sense:
PP =P : (1.40c)

8Exercises marked with double stars are important expansios of the material presented in the text.
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(b) Show that Eq. (1.39d) for the particle's ordinary velody, thought of as a 4-vector, can
be rewritten as
y= P

p O

(1.41)

Exercise 1.11 **Example: [R] Doppler Shift Derived without Lorentz Trangormations

N “emitte

Fig. 1.11: Geometry for Doppler shift.

(a) An observer at rest in some inertial frame receives a phmt that was emitted in a
direction n by an atom moving with ordinary velocity v (Fig. 1.11). The photon fre-
guency and energy as measured by the emitting atom arg,, and E.,; those measured
by the receiving observer are . and E.,. By a calculation carried out solely in the
receiver's inertial frame (the frame of Fig. 1.11), and witbut the aid of any Lorentz

transformation, derive the standard formula for the photots Doppler shift,
p__
rec 1 V2
e _=- = - 1.42
em 1 VvV N ( )

Hint: Use Eq. (1.38) to evaluateE,, using receiver-frame expressions for the emitting
atom's 4-velocity O and the photon's 4-momentumg.

(b) Suppose that instead of emitting a photon, the emitter ajcts a particle with nite rest
massm. Using the same method, derive an expression for the ratio i@ceived energy
to emitted energy, Ee.=Ecrm, €Xpressed in terms of the emitter's ordinary velocity and
the particle's ordinary velocity V (both as measured in the receiver's frame).

*kkkkkkkkkkkkkkkkkkkkkkkkkkk

1.7 Orthogonal and Lorentz Transformations of Bases,
and Spacetime Diagrams

1.7.1 [N] Euclidean 3-space: Orthogonal Transformations

Consider two di erent Cartesian coordinate system$x;y;zg f Xi;X;X30, and fX;y;zg
fX1; X2; X30. Denote byf e;g and f e,g the corresponding bases. It must be possible to expand
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the basis vectors of one basis in terms of those of the other.eWhall denote the expansion
coe cients by the letter R and shall write

& = eRpi; €=¢eRi: (1.43)
The quantities Ry, and R;, are not the components of a tensor; rather, they are the elements
of transformation mat&ices
3 2 3
R11 R12 R13 R11 R12 R13
[Rpi] = 4 Ry Ry Ry 2 [Rip] = 4 Ry Ry Ry O (1.444a)
R31 R32 R33 R31 R32 R33

(Here and throughout this book we use square brackets to ddgaomatrices.) These two
matrices must be the inverse of each other, since one takesfimsn the barred basis to the
unbarred, and the other in the reverse direction, from unbaed to barred:

RpiRiq: pq RipRpj = - (144b)

The orthonormality requirement for the two bases implies tat ; = e ¢ = (€Ry)
(eqRgj) = RpiRgi (€ €g) = RpiRg pqg = RpiRpj. This says that the transpose ofR] is its
inverse|which we have already denoted by Rip];

Rip= Ry : (1.44c)

This property implies that the transformation matrix is orthogonal; i.e., the transformation
is a re ection or a rotation [see, e.g., Goldstein (1980)]. Aus (as should be obvious and
familiar), the bases associated with any two Euclidean codinate systems are related by a
re ection or rotation. Note: Eq. (1.44c) doesnot say that [R;,] is a symmetric matrix; in
fact, it typically is not. Rather, (1.44c) says that [R;,] is the transpose ofRRi].]

The fact that a vector A is a geometric, basis-independent object implies thaa =
Ag = Ai(epRpi) = ( RpiAi)ep = Apep; i.e.,

Ap = RyiA;;  and similarly Aj = RipA; ; (1.45a)
and correspondingly for the components of a tensor

It is instructive to compare the transformation law (1.45a)for the components of a vector
with those (1.43) for the bases. To make these laws look naaly we have placed the
transformation matrix on the left in the former and on the right in the latter. In Minkowski
spacetime, the placement of indices, up or down, will autortieally tell us the order.

If we choose the origins of our two coordinate systems to coide, then the vectorx
reaching from the their common origin to some poinP whose coordinates arg; and x, has
components equal to those coordinates; and as a result, theocdinates themselves obey the
same transformation law as any other vector

Xp = RpiXi; X = RipXp; (1.45c¢)

The product of two rotation matrices, Riy,R;s] is another rotation matrix [Ris], which
transforms the Cartesian bases; to ;. Under this product rule, the rotation matrices form
a mathematical group: the rotation group, whose \representations” play an important role
in quantum theory.
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1.7.2 [R] Minkowski Spacetime: Lorentz Transformations

Consider two dierent inertial reference frames in Minkowki spacetime. Denote their
Lorentz coordinates byfx g and fx g and their bases byfe g and fe g, and write the
transformation from one basis to the other as

e=-eL ; =€l (1.46)

As in Euclidean 3-spacel. andL are elements of two di erent transformation matrices,
and since these matrices operate in opposite directions,eth must be the inverse of each
other:
L L = . L L = ; (1.47a)

Notice the up/down placement of indices on the elements of é¢htransformation matrices: the
rst index is always up, and the second is always down. This jsist a convenient convention
which helps systematize the index shuing rules in a way thatcan be easily remembered.
Our rules about summing on the same index when up and down, antatching unsummed
indices on the two sides of an equation, automatically dicta the matrix to use in each of
the transformations (1.46); and similarly for all other eqgations in this section.

In Euclidean 3-space the orthonormality of the two bases dated that the transforma-
tions must be orthogonal, i.e. must be re ections or rotatins. In Minkowski spacetime,
orthonormality impliesg =€ < =(eL ) (eL )=L L g ;ie,

gL L =g ; andsimilaryg L L =g : (1.47b)

Any matrices whose elements satisfy these equations id@entz transformation.

From the fact that vectors and tensors are geometric, frameadependent objects, one can
derive the Minkowski-space analogs of the Euclidean tramsfmation laws for components
(1.45a), (1.45b):

A =L A; T =L L L T ; andsimilarlyinthe opposite direction.
(1.48a)
Notice that here, as elsewhere, these equations can be camsed by lining up indices in
accord with our standard rules.

If (as is conventional) we choose the spacetime origins ofethiwo Lorentz coordinate
systems to coincide, then the vectoi extending from the origin to some evenf, whose
coordinates arex and x , has components equal to those coordinates. As a result, the
transformation law for the coordinates takes the same formsahat (1.48a) for components
of a vector:

Xx =L x ; x =L x : (1.48b)

The product[L L ] of two Lorentz transformation matrices is a Lorentz transfrmation
matrix; and under this product rule, the Lorentz transformdions form a mathematical group,
the Lorentz group whose \representations” play an important role in quantumeld theory.

An important sgeci c example 051‘ a Lorentz tranzsformation isthe following

00
L ooé_ ) .._§ 0 04
0 0 01 0 0 01
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Fig. 1.12: Spacetime diagrams illustrating the pure boost (1.49c) fron one Lorentz reference frame
to another.

where and are related by
ji<1: 1 3 z: (1.49b)

One can readily verify that these matrices are the inversed each other and that they
satisfy the Lorentz-transformation relation (1.47b). Thee transformation matrices produce
the following change of coordinates [Eq. (1.48b)]

t= (t+ x); x= (x+ t); y=y,;, z=2z,;
t= (t x); x= (x t); y=y,; z=2z: (1.49c¢)

These expressions reveal that any point at rest in the unbard frame (a point with xed,
time-independent x;y; z) is seen in the barred frame to move along the world ling =
const t,y=const, z=const. In other words, the unbarred frame is seen by obsegeat
rest in the barred frame to move with uniform velocityv = €, and correspondingly the
barred frame is seen by observers at rest in the unbarred franto move with the opposite
uniform velocity ¥ =+ €. This special Lorentz transformation is called gure boostalong
the x direction.

1.7.3 [R] Spacetime Diagrams for Boosts

Figure 1.12 illustrates the pure boost (1.49c). Diagram (ah that gure is a two-dimensional
spacetime diagram, with they- and z-coordinates suppressed, showing ttieand x axes of
the boosted Lorentz frameF in the t, x Lorentz coordinate system of the unboosted frame
F. That the barred axes make angles tart  with the unbarred axes, as shown, can be
inferred from the Lorentz transformation equation (1.49c) Note that invariance of the
interval guarantees that the eventx = a on the x-axis lies at the intersection of that axis
with the dashed hyperbolax? t? = a?; and similarly, the eventt = a on the t-axis lies
at the intersection of that axis with the dashed hyperbola? x2 = a?. As is shown in
diagram (b) of the gure, the barred coordinatest, x of an eventP can be inferred by
projecting from P onto the t- and x-axes, with the projection going parallel to thex- and t-
axes respectively. Diagram (c) shows the 4-velocity of an observer at rest in frame= and
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that, ¢ of an observer in framd-. The events which observeF regards as all simultaneous,
with time t = 0, lie in a 3-space that is orthogonal tot and includes thex-axis. This
is the Euclidean 3-space of reference framE and is also sometimes calle&'s 3-space of
simultaneity. Similarly, the events which observeF regards as all simultaneous, with = 0,
live in the 3-space that is orthogonal tod and includes thex-axis. This is the Euclidean
3-space (3-space of simultaneity) of framie.

Exercise 1.14 uses spacetime diagrams, similar to Fig. 1.1@ deduce a number of im-
portant relativistic phenomena, including the contraction of the length of a moving object
(\length contraction"), the breakdown of simultaneity as auniversally agreed upon concept,
and the dilation of the ticking rate of a moving clock (\time dlation”). This exercise is
extremely important; every reader who is not already fam#ir with it should study it.
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EXERCISES

Exercise 1.12 Derivation: [R] The Inverse of a Lorentz Boost

Show that, if the Lorentz coordinates of an inertial framéd- are expressed in terms of those
of the frameF by Eq. (1.49c), then the inverse transformation front to F is given by the
same equation with the sign of reversed. Write down the corresponding transformation
matrix L  [analog of Eq. (1.49a)].

Exercise 1.13 Problem: [R] Allowed and Forbidden Electron-Photon Reacins

Show, using spacetime diagrams and also using frame-indegent calculations, that the law
of conservation of 4-momentum forbids a photon to be absontbdy an electron,e+ !

e and also forbids an electron and a positron to annihilate angroduce a single photon
e +e | (in the absence of any other particles to take up some of themementum);

but the annihilation to form two photons, e + e ! 2 ,is permitted.

Exercise 1.14 **Example: [R] Spacetime Diagrams
Use spacetime diagrams to prove the following:

(a) Two events that are simultaneous in one inertial frame are haecessarily simultaneous
in another. More speci cally, if frame F moves with velocityv¥ = €, as seen in frame
F, where > 0, then of two events that are simultaneous i+ the one farther \back"
(with the more negative value ofx) will occur in F before the one farther \forward".

(b) Two events that occur at the same spatial location in onenertial frame do not neces-
sarily occur at the same spatial location in another.

(c) If P, and P, are two events with a timelike separation, then there existan inertial
reference frame in which they occur at the same spatial lodan; and in that frame the
time lapse between qum is equal to the square root of the neiya of their invariant
interval, t= s2.
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(d) If P, and P, are two events with a spacelike separation, then there exgsain inertial
reference frame in which they are simultaneous; and in thataime the spatial distance
betwesn them is equal to the square root of their invariant berval, = g; x' x =

S s2.

(e) If the inertial frame F moves with speed relative to the frame F, then a clock at
rest in F ticks more slowly as viewed fronF than as viewed fromF |more slowly by
afactor '=(1 23, This is calledrelativistic time dilation.

(f) If the inertial frame F moves with velocity ¥ = €, relative to the frame F and the
two frames are related by a pure boost, then an object at resh iF as studied inF
appears shortened by a factor ! = (1 2)% along the x direction, but its length
along they and z directions is unchanged. This is calletlorentz contraction.

Exercise 1.15 Example: [R] General Boosts and Rotations

(a) Show that, if n is a 3-dimensional unit vector and and are de ned as in Eq. (1.49b),
then the following is a Lorentz transformation; i.e., it sais es Eq. (1.47b).

L%= : LOjZLJOZ nl; L,= |_kj=( Dnink+ Ik (1.50)

Show, further, that this transformation is apure boost along the directiom with speed
, and show that the inverse matrix [ ] for this boost is the same ad] ], but with
changed to

(b) Show that the following is also a Lorentz transformation

3
0 O

2
10

jLji= §g R é ; (1.51)
0

where R;; ] is a three-dimensional rotation matrix for Euclidean 3-spce. Show, further,
that this Lorentz transformation rotates the inertial frame's spatial axes (its latticework
of measuring rods), while leaving the frame's velocity uneimged; i.e., the new frame
is at rest with respect to the old.

One can show (not surprisingly) that the general Lorentz trasformation [i.e., the
general solution of Egs. (1.47b)] can be expressed as a saqaeof pure boosts, pure
rotations, and pure inversions (in which one or more of the oodinate axes are re ected
through the origin, sox = x ).

*kkkkkkkkkkkkkkkkkkkkkkkkkkk
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Fig. 1.13: (a) Spacetime diagram depicting the twins paradox. Marked dong the two world lines
are intervals of proper time as measured by the two twins. (b)Spacetime diagram depicting the
motions of the two mouths of a wormhole. Marked along the mouhs' world tubes are intervals of
proper time . as measured by the single clock that sits on the common mouths

1.8 [R] Time Travel

Time dilation is one facet of a more general phenomenon: Timas measured by ideal
clocks, is a \personal thing," di erent for di erent observers who move through spacetime
on di erent world lines. This is well illustrated by the infamous \twins paradox,” in which
one twin, Methuselah, remains forever at rest in an inertialrame and the other, Florence,
makes a spacecraft journey at high speed and then returns test beside Methuselah.

The twins' world lines are depicted in Fig. 1.13(a), a spaciehe diagram whose axes are
those of Methuselah's inertial frame. The time measured bynadeal clock that Methuselah
carries is the coordinate time of his inertial frame; and its total time lapse, from Florene's
departure to her return, iStierun  tdeparture  TMethuselan - BY contrast, the time measured by
an ideal clock that Florence carries is the proper time, i.e. the square root of the invariant
interval (1.7), along her world line; and thus her total timelapse from departure to return is

z Z Z .
p _ i Methuselah p
0

Here ; x') are the time andpspace coordinates of Methuselah's inertiframe, and v is
Florence's ordinary speedy = = (dx'=dt)(dx =dt), relative to Methuselah's frame. Obvi-
ously, Eq. (1.52) predicts thatTggrence IS €SS thanTyetuselan - 1N fact (cf. Exercise 1.16), even
if Florence's acceleration is kept no larger than one Earthrgvity throughout her trip, and
her trip lasts only Trorence = (a few tens of years), Tyetnuselan €an be hundreds or thousands
or millions or billions of years.

Does this mean that Methuselah actually \experiences" a falonger time lapse, and
actually ages far more than Florence? Yes. The time expermsd by humans and the aging
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of the human body are governed by chemical processes, whiohturn are governed by the
natural oscillation rates of molecules, rates that are cotant to high accuracy when measured
in terms of ideal time (or, equivalently, proper time ). Therefore, a human's experiential
time and aging time are the same as the human's proper time|sdong as the human is not
subjected to such high accelerations as to damage her body.

In e ect, then, Florence's spacecraft has functioned as antie machine to carry her far
into Methuselah's future, with only a modest lapse of her owmproper time (ideal time;
experiential time; aging time).

Is it also possible, at least in principle, for Florence to ewtruct a time machine that
carries her into Methuselah's past|and also her own past? Atrst sight, the answer would
seem to be Yes. Figure 1.13(b) shows one possible methodngsa wormhole [Papers on
other methods are cited in Thorne (1993) and Friedman and Highi (2006).]

Wormholes are hypothetical \handles" in the topology of spee. A simple model of
a wormhole can be obtained by taking a at 3-dimensional spa¢ removing from it the
interiors of two identical spheres, and identifying the spéres' surfaces so that if one enters
the surface of one of the spheres, one immediately nds onksxiting through the surface
of the other. When this is done, there is a bit of strongly lodeed spatial curvature at
the spheres' common surface, so to analyze such a wormholeparly, one must use general
relativity rather than special relativity. In particular, it is the laws of general relativity,
combined with the laws of quantum eld theory, that tell one fow to construct such a
wormhole and what kinds of materials (quantum elds) are regjred to \hold it open" so
things can pass through it. Unfortunately, despite considable e ort, theoretical physicists
have not yet deduced de nitively whether those laws permitisch wormholes to exisf On
the other hand, assuming such wormholesn exist, the following special relativistic analysis
shows how one might be used to construct a machine for backaeime travel.°

The two identi ed spherical surfaces are called the wormhels mouths. Ask Methuselah
to keep one mouth with himself, forever at rest in his inertiaframe, and ask Florence to
take the other mouth with herself on her high-speed journeyr'he two mouths' world tubes
(analogs of world lines for a 3-dimensional object) then hawhe forms shown in Fig. 1.13(b).
Suppose that a single ideal clock sits on the wormhole's ideed mouths, so that from the
external Universe one sees it both on Methuselah's wormhateuth and on Florence's. As
seen on Methuselah's mouth, the clock measures his propemd, which is equal to the
coordinate timet [see tick marks along the left world tube in Fig. 1.13(b)]. Aseen on
Florence's mouth, the clock measures her proper time, Eq..BR) [see tick marks along
the right world tube in Fig. 1.13(b)]. The result should be obious, if surprising: When
Florence returns to rest beside Methuselah, the wormhole $idecome a time machine. If
she travels through the wormhole when the clock readg = 7, she goes backward in time
as seen in Methuselah's (or anyone else's) inertial frameydathen, in fact, traveling along
the everywhere timelike, dashed world line, she is able to gteher younger self before she
entered the wormhole.

This scenario is profoundly disturbing to most physicists écause of the dangers of science-

9See, e.g., Morris and Thorne (1987), Thorne (1993), Borde, ¢td and Roman (2002), and references
therein.
OMorris, Thorne, and Yurtsever (1988).



40

ction-type paradoxes (e.g., the older Florence might kilher younger self, thereby preventing
herself from making the trip through the wormhole and killig herself). Fortunately perhaps,
it now seems moderately likely (though not certain) that vaaum uctuations of quantum
elds will destroy the wormhole at the moment when its mouthsmotion rst makes backward
time travel possible; and it may be that this mechanism wilalwaysprevent the construction
of backward-travel time machines, no matter what tools oneses for their construction'?

kkkkkkkkkkkkkkkkkkkhkkhkkkkkkk

EXERCISES

Exercise 1.16 Example: [R] Twins Paradox

(a) The 4-acceleration of a particle or other object is de by a dt=d, wheredis its
4-velocity and is proper time along its world line. Show that, if an observecarries an
accelerometer, the magnitude of the acceleratiammeasured by the acceler%nﬂar will
always be equal to the magnitude of the observer's 4-accelton, a = j§ a a

(b) In the twins paradox of Fig. 1.13(a), suppose that Florece begins at rest beside
Methuselah, then accelerates in Methuselahs-direction with an accelerationa equal
to one Earth gravity, \1g", for a time Tgorence=4 as measured by her, then accelerates
in the x-direction at 1g for a time Trjorence =2 thereby reversing her motion, and then
accelerates in the X-direction at 1g for a time Tgrence=4 thereby returning to rest
beside Methuselah. (This is the type of motion shown in the gre.) Show that the
total time lapse as measured by Methuselah is

4 . Ty
Twmethuselah = ésmh g#;ence : (1.53)

(b) Show that in the geometrized units used here, Florenceacceleration (equal to ac-
celetion of gravity at the surface of the Earth) isg = 1:033=yr. Plot Tyethuselanh @S a
function of Trigrence, @nd from your plot deduce that, if Trgrence IS SeVeral tens of years,
then Tyetuselan C&N be hundreds or thousands or millions or even billions oéars.

Exercise 1.17 Challenge: [R] Around the World on TWA

In a long-ago era when an airline named Trans World AirlinesTWA) ew around the world,

J. C. Hafele and R. E. Keating carried out a real live twins padox experiment: They
synchronized two atomic clocks, and then ew one around theosd eastward on TWA,
and on a separate trip, around the world westward, while thetber clock remained at home
at the Naval Research Laboratory near Washington D.C. Whenhe clocks were compared
after each trip, they were found to have aged di erently. Malkig reasonable estimates for
the airplane routing and speeds, compute the di erence in ay, and compare your result

11Kim and Thorne (1991), Hawking (1992), Thorne (1993). But se also contrary indications in more
recent research reviewed by Friedman and Higuchi (2006).
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with the experimental data (Hafele and Keating, 1972). [N@&: The rotation of the Earth

is important, as is the general relativistic gravitationalreshift associated with the clocks'
altitudes; but the gravitational redshift drops out of the di erence in aging, if the time spent
at high altitude is the same eastward as westward.]
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1.9 [N & R] Directional Derivatives, Gradients, Levi-
Civita Tensor, Cross Product and Curl

[See note at the beginning of Sec. 1.5.3.]

Let us return to the formalism of di erential geometry. We stall use the vector notation
A of Minkowski spacetime, but our discussion will be valid sioitaneously for spacetime and
for Euclidean 3-space.

Consider a tensor eld T(P) in spacetime or 3-space and a vectok. We de ne the
directional derivative of T along A by the obvious limiting procedure

r AT Ii!rrg)}[T(xp+ A) T(x)] (1.54a)

and similarly for the directional derivative of a vector eld B(P) and a scalar eld (P).
In this de nition we have denoted points, e.g.P, by the vector % that reaches from some
arbitrary origin to the point.

It should not be hard to convince oneself that the directionaderivative of any tensor
eld T is linear in the vector A along which one di erentiates. Correspondingly, ifT has
rank n (n slots), then there is another tensor eld, denoted T, with rank n + 1, such that

FrT=rT(,;_;_;A): (1.54b)

Here on the right side the rst n slots (3 in the case shown) are left empty, an& is put
into the last slot (the \di erentiation slot”). The quantit y r T is called thegradient of T.
In slot-naming index notation, it is conventional to denotethis gradient by T . , where in
general the number of indices preceding the semicolon is ttank of T. Using this notation,
the directional derivative of T along A reads [cf. Eq. (1.54b)T . A .

It is not hard to show that in any orthonormal (i.e., Cartesian or Lorentz) coordinate
system, the components of the gradient are nothing but the pigal derivatives of the com-
ponents of the original tensor,

@T

T . = T. 1.54c
e (1.54c)
(Here and henceforth all indices that follow a subscript coma represent partial derivatives,
e.g.,S. @S =@x@x.) In a non-Cartesian and non-Lorentz basis, the componentsf

the gradient typically are not obtained by simple partial di erentiation [Eq. (1.54c) fails]
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because of turning and length changes of the basis vectorsves go from one location to
another. In Sec. 10.3 we shall learn how to deal with this by gy objects calledconnection
coe cients . Until then, however, we shall con ne ourselves to Cartesiaand Lorentz bases,
so subscript semicolons and subscript commas can be useeiidhangeably.

Because the gradient and the directional derivatives are aed by the same standard
limiting process as one uses when de ning elementary derivees, they obey the standard
Leibniz rule for di erentiating products:

rx,(S T)=(r xS T+Sr ,T,;
e, S T )A =(S .A)T +S (T .A); (1.55a)

and
rx(fFT)=(r ;O)T+fr ,T; ie,(fT ) A =(f.A)T +fT .A : (1.55b)

In an orthonormal basis these relations should be obvious:h&y follow from the Leibniz rule
for partial derivatives.

Because the componentg of the metric tensor are constant in any Lorentz or Cartesian
coordinate system, Eq. (1.54c) (which is valid in such coarthtes) guarantees thag . =0;
i.e., the metric has vanishing gradient:

rg=0; ie,qg . =0: (1.56)

From the gradient of any vector or tensor we can construct sekal other important
derivatives by contracting on indices: i() Since the gradientr A of a vector eld A has two
slots,r A(_ ;_ ), we can strangle (contract) its slots on each other to obtaia scalar eld.
That scalar eld is the divergenceof A and is denoted

r A (contraction ofr A)= A . : (1.57)
(ii) Similarly, if T is a tensor eld of rank three, thenT . is its divergence on its third
slot,and T . is its divergence on its second slot.ii{) By taking the double gradient and

then contracting on the two gradient slots we obtain, from aptensor eld T, a new tensor
eld with the same rank,

r2T (rr )T; orinindex notation, T . ' : (1.58)

In Euclidean spacer 2 is called theLaplacian; in spacetime it is called thed'Alembertian.

The metric tensor is a fundamental property of the space in vith it lives; it embodies
the inner product and thence the space's notion of distance mterval and thence the space's
geometry. In addition to the metric, there is one (and only oe) other fundamental tensor
that embodies a piece of the space's geometry: thevi-Civita tensor

The Levi-Civita tensor has a number of slots equal to the dinmsionality N of the space
in which it lives, 4 slots in 4-dimensional spacetime and 3adk in 3-dimensional Euclidean
space; and is antisymmetric in each and every pair of its slots. These pperties determine

uniquely up to a multiplicative constant. That constant is xed by a compatibility relation
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between and the metric g: If fe g is an orthonormal basis [orthonormality being de ned
with the aid of the metric, € € = g(e;e) = in spacetime and = in Euclidean
space], and if this basis is right-handed (a new property, hdetermined by the metric), then

(e;®;:::;&)=+1 in aspace of N dimensions; (&;®;&;&)=+1 in spacetime.
(1.59a)
The concept of right handedness should be familiar in Euckén 2-space or 3-space. In
spacetime, the basis is right handed if€ ; &; &g is right handed ande, points to the future.
Equation (1.59a) and the antisymmetry of imply that in an orthonormal, right-handed
basis, the only nonzero covariant components ofare

12N = +1
=41 if ; ;i is an even permutation of 12; :::; N
= 1if; ;o is an odd permutation of 2 2; :::; N
=0 if ; ;i are not all di erent; (1.59b)

(In spacetime the indices run from O to 3 rather than 1 toN = 4.) One can show that
these components in one right-handed orthonormal frame ifypthese same components
in all other right-handed orthonormal frames by virtue of thke fact that the orthogonal (3-
space) and Lorentz (spacetime) transformation matrices ki@ unit determinant; and that in
a left-handed orthormal frame the signs of these componerdse reversed.

In 3-dimensional Euclidean space, the Levi-Civita tensos iused to de ne the cross prod-
uct and the curl:

A B (_;A;B) e, in slot-naming index notation, jx AjBy ; (1.60a)

r A (the vector eld whose slot-naming index form is jx Ag;j) : (1.60b)

[Equation (1.60b) is an example of an expression that is cofigated if written in index-free
notation; it says that r A is the double contraction of the rank-5 tensor r A onits
second and fth slots, and on its third and fourth slots.]

Although Egs. (1.60a) and (1.60b) look like complicated wayto deal with concepts that
most readers regard as familiar and elementary, they haveegt power. The power comes
from the following property of the Levi-Civita tensor in Eudidean 3-space [readily derivable
from its components (1.59b)]:

mokm = W k1 1k (1.61)

Here | is the Kronecker delta. Examine the 4-index delta functionli(jI carefully; it says that
either the indices above and below each other must be the saifie= k andj = |) with
a + sign, or the diagonally related indices must be the same ¢ | andj = k) with a
sign. [We have put the indicesj of |, up solely to facilitate remembering this rule. Recall
(rst paragraph of Sec. 1.5) that in Euclidean space and Caesian coordinates, it does not
matter whether indices are up or down.] With the aid of Eqg. (1) and the index-notation
expressions for the cross product and curl, one can quicklpcheasily derive a wide variety
of useful vector identities; see the very important Exerces1.18.



44

*kkkkkkkkkkkkkkkkkkkkkkkkkkk

EXERCISES

Exercise 1.18 **Example and Practice: [N] Vectorial Identities for the Cioss Product and

Curl

Here is an example of how to use index notation to derive a vectidentity for the double cross

product A (B C): Inindex notation this quantity is jx Aj( wm BiCm). By permuting the

indices on the second and then invoking Eq. (1.61), we can write this asjx 1mk AjBiCn =
i'jm A;B|Cn. By then invoking the meaning (1.61) of the 4-index delta fuction, we bring

this into the form A;B;C;  A;B; C;, which is the index-notation formof A C)B (A B)C.

Thus, it mustbethat A (B C)=(A C)B (A B)C.

Use similar techniques to evaluate the following quantitse

@r (r A)
(b) (A B) (C D)
(e (A B) (C D)
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1.10 [R] Nature of Electric and Magnetic Fields; Maxwell's
Equations

Now that we have introduced the gradient and the Levi-Civitatensor, we are prepared to
study the relationship of the relativistic version of eleacbdynamics to the nonrelativistic
(\Newtonian™) version.

Consider a particle with chargeq, rest massm and 4-velocity ¢ interacting with an
electromagnetic eld F(_; ). In index notation, the electromagnetic 4-force acting orhe
particle [Eq. (1.28)] is

dp=d =qgF u : (1.62)
Let us examine this 4-force in some arbitrary inertial refemce frame in which particle's
ordinary-velocity components are// = v; and its 4-velocity components are®= ,u = v!

[Egs. (1.34c)]. Anticipating the connection with the nonr&ativistic viewpoint, we introduce
the following notation for the contravariant components ofthe antisymmetric electromagnetic
eld tensor: _ _ )

FO= FI°=E; F'= jBx: (1.63)
(Recall that spatial indices, being Euclidean, can be pladeaip or down freely with no change

in sign of the indexed quantity.) Inserting these componestof F and ¢ into Eq. (1.62) and
using the relationshipdt=d = u® = betweent and derivatives, we obtain for the
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Fig. 1.14: The electric and magnetic elds measured by an observer witht-velocity w, shown as 4-
vectors E, and B, that lie in the observer's 3-surface of simultaneity (stippled 3-surface orthogonal
to w).

components of the 4-forcelp=d = dp;=dt= q (E; + x vjBx) and dp’=d = dp°=dt=
E;v;. Dividing by , converting into 3-space index notation, and denoting the goticle's
energy byE = p° we bring these into the familiar Lorentz-force form

dp=dt=q(E+v B); dE=dt=v E: (1.64)

Evidently E is the electric eld and B the magnetic eld as measured in our chosen Lorentz
frame.

This may be familiar from standard electrodynamics textboks, e.g. Jackson (1999). Not
so familiar, but quite important, is the following geometrc interpretation of E and B:

The electric and magnetic eldsE and B are spatial vectors as measured in the chosen
inertial frame. We can also regard them as 4-vectors that lia the 3-surface of simultaneity
t = const of the chosen frame, i.e. that are orthogonal to the ¥elocity (denote it w) of the
frame's observers (cf. Figs. 1.12 and 1.14). We shall dentités 4-vector version ofE and B
by E\ and B\, where the subscriptw identi es the 4-velocity of the observers who measure
these elds. These elds are depicted in Fig. 1.14. _

In the rest frame of the observerw, the components ofE,, are EQ = 0, EL = E; [the
E; appearing in Egs. (1.63)], and similarly foB,,; and the components ofw are w® = 1,
w = 0. Therefore, in this frame Egs. (1.63) can be rewritten as

E.=F w: B_=

w

Fw: (1.65a)

NI =

(To verify this, insert the above components oF and w into these equations and, after some
algebra, recover Egs. (1.63) along witle? = B = 0.) Equations (1.65a) say that in one
special reference frame, that of the observer, the components of the 4-vectors on the left and
on the right are equal. This implies that in every Lorentz frane the components of these
4-vectors will be equal; i.e., it implies that Eqs. (1.65a) r@ true when one regards them
as geometric, frame-independent equations written in slkotaming index notation. These
equations enable one to compute the electric and magnetidde® measured by an observer
(viewed as 4-vectors in the observer's 3-surface of simuléty) from the observer's 4-velocity
and the electromagnetic eld tensor, without the aid of anyabis or reference frame
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Equations (1.65a) embody explicitly the following importat fact: Although the electro-
magnetic eld tensorF is a geometric, frame-independent quantity, the electricral magnetic
elds E,, and B, individually depend for their existence on a speci ¢ choicef observer (with
4-velocity w), i.e., a speci c choice of inertial reference frame, i.ea speci c choice of the
split of spacetime into a 3-space (the 3-surface of simulteity orthogonal to the observer's
4-velocity w) and corresponding time (the Lorentz time of the observer'seference frame).
Only after making such an observer-dependent \3+1 split" afpacetime into space plus time
do the electric eld and the magnetic eld come into existercas separate entitiesDi erent
observers with di erent 4-velocitiesw make this spacetime split in di erent ways, thereby
resolving the frame-independenE into di erent electric and magnetic elds E,, and B,.

By the same procedure as we used to derive Egs. (1.65a), one cderive the inverse
relationship, the following expression for the electromagtic eld tensor in terms of the
(4-vector) electric and magnetic elds measured by some algser:

F =wE, E.w + w B, : (1.65b)
Maxwell's equations in geometric, frame-independent forare

4J in Gaussian units
J =,= oJ inSlunits;

F . =0: (1.66)

F

(Since we are setting the speed of light to unity,, = 1= ,.) Here J is the charge-current
4-vector, which in any inertial frame has components

J%= . =(charge density); J' = j; = (current density). (1.67)

Exercise 1.20 describes how to think about this charge detysand current density as geo-
metric objects determined by the observer's 4-velocity or+d split of spacetime into space
plus time. Exercise 1.21 shows how the frame-independent Xtell equations (1.66) reduce
to the more familiar ones in terms ofE and B. Exercise 1.22 explores potentials for the
electromagnetic eld in geometric, frame-independent laguage and the 3+1 split.

kkkkkkkkkkkkkkkkkkkhkkhkkkkkkk

EXERCISES

Exercise 1.19 Derivation and Practice: [R] Reconstruction ofF
Derive Eq. (1.65b) by the same method as was used to deriveG3a).

Exercise 1.20 Problem: [R] 3+1 Split of Charge-Current 4-Vector

Just as the electric and magnetic elds measured by some obgs can be regarded as 4-
vectors E,, and B, that live in the observer's 3-space of simultaneity, so alsthe charge
density and current density that the observer measures carelregarded as a scalar,, and
4-vector J that live in the 3-space of simultaneity. Derive geometricframe-independent
equations for , and T in terms of the charge-current 4-vectorJ” and the observer's 4-
velocity w, and derive a geometric expression far in terms of , Jw, and w.
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Exercise 1.21 Problem: [R] Frame-Dependent Version of Maxwell's Equatis
From the geometric version of Maxwell's equations (1.66),edive the elementary, frame-
dependent version

F E-= 4 . in Gaussian units , B @ _ 4 ] in Gaussian units
- e= o In Sl units, @t_ o) in Sl units,
@
r B=0; r E+—=0: 1.68
@?t ( )

Exercise 1.22 Problem: [R] Potentials for the Electromagnetic Field

(a) Express the electromagnetic eld tensor as an antisymnrized gradient of a 4-vector
potential: in slot-naming index notation

F =A. A.: (1.69a)

Show that, whatever may be the 4-vector potentialX, the second of the Maxwell
equations (1.66) is automatically satis ed. Show furtherhat the electromagnetic eld
tensor is una ected by a gauge change of the form

Anew = Aold + I (1.69b)

where is a scalar eld (the generator of the gauge change). Show, ally, that it is
possible to nd a gauge-change generator that enforces \Lemz gauge"

r A=0 (1.69c)

on the new 4-vector potential, and show that in this gauge, th rst of the Maxwell
eqguations (1.66) becomes

reA=4J; ie A’ =4] (1.69d)

(b) Introduce an inertial reference frame, and in that framesplit F into the electric and
magnetic elds E and B, split J into the charge and current densities . and j, and
split the vector potential into a scalar potential and a 3-vetor potential

Ao ; A =spatial part of A: (1.69e)

Deduce the 3+1 splits of Egs. (1.69a){(1.69d) and show thatey take the form given
in standard textbooks on electrodynamics.

*kkkkkkkkkkkkkkkkkkhkkkkkkkkk
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1.11 Volumes, Integration, and Integral Conservation
Laws

1.11.1 [N] Newtonian Volumes and Integration

The Levi-Civita tensor is the foundation for computing volunes and performing volume
integrals in any number of dimensions. In Cartesian coordates of 2-dimensional Euclidean
space, the area (i.e. 2-dimensional volume) of a paralletagh whose sides ard and B is

Ay Bj

2-Volume = A Bp= A1B,  AsB; =det :
A, B

(1.70a)

a relation that should be familiar from elementary geometryEqually familiar should be the
expression for the 3-dimensional volume of a parallelopgbevith legs A, B, and C:

2 3
A B, C;
3-Volume = 4 ABiCy=A (B C)=det4 A, B, C, 9 : (1.70b)
A; B; Cg

Recall that this volume has a sign: it is positive if A; B; Cgis a right handed set of vectors
and negative if left-handed. Equations (1.70a) and (1.70k3re foundations from which one
can derive the usual formulaedA = dxdy and dV = dxdydz for the area and volume of
elementary surface and volume elements with Cartesian sitengths dx, dy and dz.
In Euclidean 3-space, we de ne the vectorial surface areaa®-dimensional parallelogram
with legs A and B to be
=A B= (_;A;B): (2.70c)

This vectorial surface area has a magnitude equal to the ared the parallelogram and a
direction perpendicular to it. Such vectorial surface aremare the foundation for surface
integrals in 3-dimensional space, and for the familiar Gasigheorem

Z Z
(r A)dv = A d (1.71a)
V3 @/3
(where Vs is a compact 3-dimensional region an@; is its closed two-dimensional boundary)
and Stokes theorem Z Z
r A d = A d (1.71b)
Vo @/

(where V, is a compact 2-dimensional region@, is the 1-dimensional closed curve that
bounds it, and the last integral is a line integral around thacurve).
Notice that in Euclidean 3-space, the vectorial surface ame (_;A;B) can be thought
of as an object that is waiting for us to insert a third legC so as to compute a volume
(C; A; B)|the volume of the parallelopiped with legs C, A, and B.
This mathematics is illustrated by the integral and di erertial conservation laws for
electric charge and for particles: The tpfal charge apd theotal number of particles inside a

three dimensional region of spacé; are dV and \ ndV, where . is the charge density

V3 V.



49

and n the number density of particles. The rates that charge and pacles ow out of V3 are
the integrals of the current densityj and the particle ux vector S over its boundary @;.

Therefore, the |%WS of charé:]e conservation and pgrticle csmrVation say

d . d

— dV + j d =0; — ndV + Sd =0: (1.72)

dt Vs @/ dt V3 @/3
Pull the time derivative inside each volume integral (wheré beggmes a partial derivative),
and apply Gauss's law to each surface integral; the resultsea , (@.=@% r j)dV =0
and similarly for particles. The only way these equations cabe true for all choices ol is

by the integrands vanishing:
@.=@tr j=0; @n=@tr S=0: (1.73)

These are the di erential conservation laws for charge anaif particles. They have a stan-
dard, universal form: the time derivative of the density of guantity plus the divergence of
its ux vanishes.

1.11.2 [R] Spacetime Volumes and Integration

The generalization to 4-dimensional spacetime should bewbus: The 4-dimensional par-
allelopiped whose legs are the four vectoss, B; C; D has a 4-dimensional volume given by
the analog of Egs. (1.70a) and (1.70b):

A® BO C° D03
Al B! C! Dlé_
A2 BZ C2 D2
A3 B3 C® D3

4-Volume = ABCD = (AB;C;D)=det (1.74)

Note that this 4-volume is positive if the set of vectors A; B; C; Dg is right-handed and
negative if left-handed.

Just as Egs. (1.70a) and (1.70b) give us a way to perform areadavolume integrals in 2-
and 3-dimensional Euclidean space, so Equation (1.74) prdgs us a way to perform volume
integrals over 4-dimensional Minkowski spacetime: To intgate a tensor eld T over some
regionV of spacetime, we need only divide spacetime up into tiny pdralopipeds, multiply
the 4-volumed of each parallelopiped by the value ofT at its center, and add. It is not hard
to see from Eg. (1.74) that in any right-handed Lorentz cooiidate system, the 4-volume
of a tiny parallelopiped whose edges amx along the four orthogonal coordinate axes is
d = dtdxdydz (the analog ofdV = dxdydz), and correspondingly the integral ofT over
V can be expressed as Z Z

T d= T dtdxdydz: (1.75)
\% \Y

By analogy with the vectorial area (1.70c) of a parallelogra in 3-space, any 3-dimensional
parallelopiped in spacetime with leg#\; B; C has a vectorial 3-volumeT(not to be confused
with the scalar 4-volume ) de ned by

T1.)= (iAB;C);

ABC : (1.76)
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Here we have written the volume vector both in abstract notabn and in component notation.
This volume vector has one empty slot, ready and waiting for gourth vector (\leg") to be
inserted, so as to compute the 4-volume of a 4-dimensionalgpallelopiped.

Notice that the volume vector ~is orthogonal to each of its three legs (because of the
antisymmetry of ), and thus (unless it is null) it can be written as™= V awhereV is the
magnitude of the volume andn is the unit normal to the three legs.

Interchanging any two legs of the parallelopiped reversesid@ 3-volume's sign. Conse-
guently, the 3-volume is characterized not only by its legsut also by the order of its legs,
or equally well, in two other ways: {) by the direction of the vector ~(reverse the order of
the legs, and the direction of will reverse); and (ii ) by the sense of the 3-volume, de ned
as follows. Just as a 2-volume (i.e., a segment of a plane) irdiBnensional space has two
sides, so a 3-volume in 4-dimensional spacetime has two sidef. Fig. 1.15. Every vector
D for which = D > 0 points out of one side of the 3-volum& We shall call that side the
\positive side" of 7 and we shall call the other side, the one out of which point ectors D
with = D < 0, its \negative side". When something moves through or reaes through or
points through the 3-volume from its negative side to its patve side, we say that this thing
IS moving or reaching or pointing in the \positive sense"; ath similarly for \negative sense".
The examples shown in Fig. 1.15 should make this more clear.

positive Dt ey
4sense
I

. Dy
' y

Dx &

' @ C o)

Fig. 1.15: Spacetime diagrams depicting 3-volumes in 4-dimensionalpsicetime, with one spatial
dimension (that along the z-direction) suppressed.

Figure 1.15(a) shows two of the three legs of the volume vecto= (_; x&; Y§;
z€), wherex;y; z are the spatial coordinates of a speci c Lorentz frame. It isasy to show
that this vector can also be written as™= V ®, where V is the ordinary volume of the
parallelopiped as measured by an observer in the chosen Lireframe, V = x y z.
Thus, the direction of the vector ~is toward the past (direction of decreasing Lorentz time
t). From this, and the fact that timelike vectors have negatie squared length, it is easy to
infer that = D > 0 if and only if the vector D points out of the \future" side of the 3-volume
(the side of increasing Lorentz time); therefore, the positive side of7is the future side.
This means that the vector~points in the negative sense of its own 3-volume.
Figure 1.15(b) shows two of the three legs of the volume vecto= (_; te&; ys§;
ze) = t Ag (with A= 'y 2z). Inthis case,~points in its own positive sense.
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This peculiar behavior is completely general: When the norahto a 3-volume is timelike,
its volume vector ~points in the negative sense; when the normal is spacelike; points
in the positive sense; and|it turns outjwhen the normal is nu I, ~lies in the 3-volume
(parallel to its one null leg) and thus points neither in the wsitive sense nor the negativ&.

Note the physical interpretations of the 3-volumes of Fig..15: That in Fig. 1.15(a) is an
instantaneous snapshot of an ordinary, spatial, parallgbiped, while that in Fig. 1.15(b) is
the 3-dimensional region in spacetime swept out during timet by the parallelogram with
legs yg, ze€ andwitharea A= y z

Just as in 3-dimensional Euclidean space, vectorial surta@reas can be used to con-
struct 2-dimensional surface integrals, so also (and in idically the same manner) in 4-
dimensional spacetime, vectorial volume elements can beedstg, construct integrals over
3-dimensional volumes (also called 3-dimensional surfagee.g. , A d~ More speci -
cally: Let (a;b; 9 be (possibly curvilinear) coordinates in the 3-surfac®;, and denote by
x*(a; b; g the spacetime pointP on V3 whose coordinate values area(b; 9. Then (@ *x=@xg,
(@x=Quh (@x=@dx are the vectorial legs of the elementary parallelopiped wke corners
are at (a; b; 9, (a+ da; b; 9, (a; b+ db; 9, etc; and the spacetime components of these vectorial
legs are @x=@pa, (@x=@Mlh (@x=@)xc. The 3-volume of this elementary parallelop-

iped isd™= 1 (@%=0xn; (@x=@Qub;(@x=@dr , which has spacetime components
_ @x @x @x _
This is the integration element to be used when evaluating
Z
A d= Ad : (1.78)
V3 @/

Just as there are Gauss and Stokes theorems (1.71a) and (b)7#dr integrals in Euclidean
3-space, so also there are Gauss and Stokes theorems in gpaee The Gauss theorem has
the obvious form = 2

(r A)d = A d7; (1.79)
V4 @/a
where the rst integral is over a 4-dimensional regioW, in spacetime, and the second is over
the 3-dimensional boundary ofV,, with the boundary's positive sense pointing outward,
away fromV, (just as in the 3-dimensional case). We shall not write dowrhe 4-dimensional
Stokes theorem because it is complicated to formulate witthé tools we have developed thus
far; easy formulation requires the concept of di erential form, which we shall not introduce
in this book.

1.11.3 [R] Conservation of Charge in Spacetime

We can use integration over a 3-dimensional region (3-suck in 4-dimensional spacetime
to construct an elegant, frame-independent formulation dhe law of conservation of electric
charge:

12This peculiar behavior gets replaced by a simpler descriptin if one uses one-forms rather than vectors
to describe 3-volumes; see, e.g., Box 5.2 of Misner, Thornand Wheeler (1973).
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We begin by examining the geometric meaning of the chargeroent 4-vector J. We
de ned Jin Eqg. (1.67) in terms of its components. The spatial compone J* = J, = J(&)
is equal to thex component of current densityj; i.e. it is the amount Q of charge that ows
across a unit surface area lying in thg-z plane, in a unit time; i.e., the charge that ows
across the unit 3-surface’= €. In other words, J(7 = J(&) is the total chargeQ that
OWS across "= € in ~'s positive sensgand similarly for the other spatial directions. The
temporal component]® = Jo = J( &) is the charge density ¢; i.e., it is the total charge
Q in a unit spatial volume. This charge is carried by particleghat are traveling through
spacetime from past to future, and pass through the unit 3-stace (3-volume) ™= .
Therefore,J(7 = J( &) is the total chargeQ that ows through ™= &) in its positive
sense.This is precisely the same interpretation as we deduced fdre spatial components of
J.

This makes it plausible, and indeed one can show, th&dr any small 3-surface ™, J(7)

J is the total chargeQ that ows across ™ in its positive sense.

t

Fig. 1.16: The 4-dimensional regionV in spacetime, and its closed 3-boundary@/, used in
formulating the law of charge conservation. The dashed line symbolize, heuristically, the ow of
charge from past toward future.

This property of the charge-current 4-vector is the foundabn for our frame-independent
formulation of the law of charge conservation. LeV be a compact, 4-dimensional region
of spacetime and denote byd its boundary, a closed 3-surface in 4-dimensional spaceéim
(Fig. 1.16). The charged media (uids, solids, particles,..) present in spacetime carry
electric charge throughV, from the past toward the future. The law of charge conservain
says that all the charge that entersV through the past part of its boundary @/ must exit
through the future part of its boundary. If we choose the posive sense of the boundary's
in nitesimal 3-volume d~to point out of V (toward the past on the bottom boundary and
toward the future on the top), then this global law of charge conservatiocan be expressed
mathematically as

-
—

Jd =0: (1.80)

@

When each tiny chargeq entersV through its past boundary, it contributes negatively to the
integral, since it travels through @ in the negative sense (from positive side @ toward
negative side); and when that same charge exitsthrough its future boundary, it contributes
positively to the integral. Therefore its net contribution is zero, and similarly for all other
charges.
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In exercise 1.24, we show when thigobal law of charge conservatio(iL.80) is subjected
to a 3+1 split of spacetime into space plus time, it becomes ¢hnonrelativistic integral law
of charge conservation (1.72).

This global conservation law can be cogverted into iggal conservation lawwith the help
of the 4-dimensional Gauss theorem (1.79)g,J d = |, J ; d :Since the left-hand side

vanishes, so must the right-hand side; and in order for this-¥olume integral to vanish for
every choice oWV, it is necessary that the integrand vanish everywhere in spatime:

J. =0; ier J=0: (1.81)

In a speci ¢ but arbitrary Lorentz frame (i.e., in a 3+1 split of spacetime into space plus
time), this becomes the standard di erential law of charge anservation (1.73).

1.11.4 [R] Conservation of Particles, Baryons and Rest Mass

Any conserved scalar quantity obeys conservation laws ofdtsame form as those for electric
charge. For example, if the number of particles of some spexi(e.g. electrons or protons
or photons) is conserved, then we can introduce for that sges anumber- ux 4-vector S
(analog of charge-current 4-vectod): In any Lorentz coordinate systemS° is the number
density of particlesn and S' is the particle ux. If ~is a small 3-volume (3-surface) in
spacetime, thenS(7) = SW is the number of particles that pass through from its
negative side to its positive side. The frame-invariant glmal and local conservation laws for
these particles take the same form as those for electric char
Z

Sd =0; where@ is any closed 3-surface in spacetime, (1.82a)
@

S. =0; ierr S=0: (1.82b)

When fundamental particles (e.g. protons and antiprotonspre created and destroyed
by quantum processes, the total baryon number (number of bgwsns minus number of an-
tibaryons) is still conserved|or, at least this is so to the accuracy of all experiments per-
formed thus far. We shall assume it so in this book. This law dfaryon-number conservation
takes the forms (1.82a) and (1.82b), witls the number- ux 4-vector for baryons (with an-
tibaryons counted negatively).

It is useful to reexpress this baryon-number conservatioaw in Newtonian-like language
by introducing a universally agreed upon mean rest mass peatyon mg This mg is often
taken to be 1/56 the mass of arr®Fe (iron-56) atomic nucleus, sincé®Fe is the nucleus
with the tightest nuclear binding, i.e. the endpoint of themonuclear evolution in stars. We
multiply the baryon number- ux 4-vector S by this mean rest mass per baryon to obtain a
rest-mass- ux 4-vector

Sm=mgS; (1.83)

which (sincemg is, by de nition, a constant) satis es the same conservatio laws (1.82a)
and (1.82b) as baryon number.
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For media such as uids and solids, in which the particles trzel only short distances
between collisions or strong interactions, it is often usgfto resolve the particle number-
ux 4-vector and the rest-mass- ux 4-vector into a 4-velody of the medium 4 (i.e., the
4-velocity of the frame in which there is a vanishing net spatl ux of particles), and the
particle number densityn, or rest mass density , as measured in the medium's rest frame:

S=nd; Sym= oH: (1.84)

See Exercise 1.25.

We shall make use of the conservation laws S =0 andr S, = 0 for particles
and rest mass later in this book, e.g. when studying relatisiic uids; and we shall nd the
expressions (1.84) for the number- ux 4-vector and rest-nsa- ux 4-vector quite useful. See,
e.g., the discussion of relativistic shock waves in Ex. 18.,1and the nonrelativistic limit of a
relativistic uid in Sec. 23.4 .
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EXERCISES

Exercise 1.23 Practice and Example: [R] Evaluation of 3-Surface Integrah Spacetime

In Minkowski spacetime the set of all events separated fronmé origin by a timelike interval
a’ is a 3-surface, the hyperboloid? x?> y? z? = a2, whereft;x;y;zg are Lorentz
coordinates of some inertial reference frame. On this hyfmroid introduce coordinates
f;; gsuch that

t=acosh; x =asinh sin cos; y =asinh sin sin ;; z= asinh cos :
(1.85)
Note that is a radial coordinate and (; ) are spherical polar coordinates. Denote by;
the portion of the hyperboloid with b.

(a) Verify that for all values of (; ; ), the points (1.85) do lie on the hyperboloid.

(b) On a spacetime diagram, draw a picture o3, the f ; ; g coordinates, and the
elementary volume element (vector eld)d~[Eq. (1.77)].

R
(c) Set A & (the temporal basis vector), and express,, A d~as an integral over
f;; g Evaluate the integral.

(d) Consider a closed 3-surface consisting of the segm&htof the hyperboloid as its top,
the hypercylinder fx2 + y2 + z2 = a?sinh?b; 0 < t < a coshbg as its sides, and the
spherefx2+ y2+ z2  a?sinh’b ; t= 0g as its bottom. Draw a picture of this closed
3-surface gn a spacetime diagram. Use Gauss's theorem, &aplo this 3-surface, to
show that ,, A d~is equal to the 3-volume of its spherical base.
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Exercise 1.24 Derivation and Example: [R] Global Law of Charge Conservati in an

Inertial Frame R

Consider the global law of charge conservation,,J d = 0 for a special choice of the
closed 3-surface@’: The bottom of @ is the ball ft = 0;x?> + y> + z>  a’g, where
ft;x;y;zg are the Lorentz coordinates of some inertial frame. The sislare the spherical
world tube fO t T;x2+ y?+ z2= a?g. The top is the ballft = T; x>+ y?>+ z2 a?g.

(a) Draw this 3-surface in a spacetime diagram.

R
(b) Show that for this @, v d = 0 is the nonrelativistic integral conservation law

(1.72) for charge.

Exercise 1.25 Example: [R] Rest-mass- ux 4-vector, Lorentz contractiormf rest-mass den-
sity, and rest-mass conservation for a uid

Consider a uid with 4-velocity , and rest-mass density , as measured in the uid's rest
frame.

(&) From the physical meanings oty, ,, and the rest-mass- ux 4-vectorS,,,, deduce Eq.
(1.84).

(b) Examine the components ofS,, in a reference frame where th% uid moves with ordi-
nary velocity v. Show thatS°= , , S = ,vi, where =1= 1 v2. Explain the
physical interpretation of these formulas in terms of Lorem contraction.

(c) Show that the law of conservation of rest-mass S, = 0, takes the form
% = o H; (1.86)

whered=d is derivative with respect to proper time moving with the uid.

(d) Consider a small 3-dimensional volum¥ of the uid, whose walls move with the uid
(so if the uid expands, V goes up). Explain why the law of rest-mass conservation
must take the formd( ,V)=d = 0. Thereby deduce that

r 4= (1=V)(dv=d): (1.87)

kkkkkkkkkkkkkkkkkhkkhkkhkkkkkkk
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1.12 The Newtonian Stress Tensor, Relativistic Stress-
energy Tensor, and Conservation of 4-Momentum

1.12.1 [N] Newtonian Stress Tensor and Momentum Conservati on

Press your hands together in thex{y plane and feel the force that one hand exerts on the
other across a tiny areaA | say, one square millimeter of your hands' palms (Fig. 1.17)
That force, of course, is a vectoF. It has a normal component (along thex direction). It
also has a tangential component: if you try to slide your harglpast each other, you feel a
component of force along their surface, a \shear" force in &y and z directions. Not only is
the forceF vectorial; so is the 2-surface across which it acts, = A e,. (Here e, is the unit
vector orthogonal to the tiny areaA, and we have chosen the negative side of the surface to
be the x side and the positive side to be %. With this choice, the forceF is that which
the negative hand, on the x side, exerts on the positive hand.)

Fig. 1.17: Hands, pressed together, exert a stress on each other.

Now, it should be obvious that the forceF is a linear function of our chosen surface .
Therefore, there must be a tensor, thatress tensoy that reports the force to us when we
insert the surface into its second slot:

F(L)=TC; ), le,F=T j: (1.88)

Newton's law of action and reaction tells us that the force tht the positive hand exerts
on the negative hand must be equal and opposite to that that wth the negative hand
exerts on the positive. This shows up trivially in Eq. (1.88) By changing the sign of , one
reverses which hand is regarded as negative and which pag&tiand sinceT is linear in
one also reverses the sign of the force.

The de nition (1.88) of the stress tensor gives rise to the t# following physical meaning
of its components:

j -component of force per unit area

Tjk = .
across a surface perpendicular te

1
j -component of momentum that crosses a unit
@ area which is perpendicular toe., per unit time, A : (1.89)
with the crossing being from x* to + xX

The stresses inside a table with a heavy weight on it are degmd by the stress tensof,
as are the stresses in a owing uid or plasma, in the electroagnetic eld, and in any other
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physical medium. Accordingly, we shall use the stress temsas an important mathematical
tool in our study of force balance in kinetic theory (Chap. 2)elasticity theory (Part I1),
uid mechanics (Part 1V), and plasma physics (Part V).

It is not obvious from its de nition, but the stress tensor T is always symmetric in its
two slots. To see this, consider a small cube with sidein any medium (or eld) (Fig. 1.18).
The medium outside the cube exerts forces, and thence alsodioes, on the cube's faces.
The z-component of the torque is produced by the shear forces oretifront and back faces
and on the left and right. As shown in the gure, the shear fores on the front and back faces
have magnitudesT,, L2 and point in opposite directions, so they exert identical taues on
the cube,N, = T,,L?(L=2) (where L=2 is the distance of each face from the cube's center).
Similarly, the shear forces on the left and right faces have agnitudes T,xL? and point in
opposite directions, thereby exerting identical torquesrmothe cube, N, = Ty L?(L=2).
Adding the torques from all four faces and equating them to # rate of change of angular
momentum, ﬁ L °d ,=dt(where isthe mass density,li2 L °is the cube's moment of inertia,
and , is the z component of its angular velocity), we obtain Tyx  Tyy)L3 = ﬁ L °d ,=dt
Now, let the cube's edge length become arbitrarily small, ! 0. If Tyx Ty, does not
vanish, then the cube will be set into rotation with an in nitely large angular acceleration,
d ,=dt/ 1=L2 ! 1 | an obviously unphysical behavior. Therefore T,x = T, and
similarly for all other components;the stress tensor is always symmetric under interchange
of its two slots.

2

Txy L2 T Xl‘?’ L
- --=-=%" ’
(0 ] TxyL

o =
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Al
X

Fig. 1.18: The shear forces exerted on the left, right, front and back faes of a vanishingly small
cube. The resulting torque about the z direction will set the cube into rotation with an arbitraril y
large angular acceleration unless the stress tensor is synetric.

Two examples will make the stress tensor more concrete:

Perfect uid: Inside a perfect uid there is an isotropic pressuré®, soT,x = Ty, =
T,, = P (the normal forces per unit area across surfaces in the plane, the zx plane
and the xy plane are all equal toP). The uid cannot support any shear forces, so the
o -diagonal components ofT vanish. We can summarize this byl = P j or equivalently,
since j are the components of the Euclidean metricl; = Pg;. The frame-independent
version of this isT = Pg. To check this result, consider a 2-surface = An with area A
oriented perpendicular to some arbitrary unit vectorn. The vectorial force that the uid
exerts across is, in index notation, F; = Tx « = PgxAny, = PAn;; i.e. it is a normal
force with magnitude equal to the uid pressureP times the surface areaA. This is what it
should be.
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Electromagnetic eld: See Ex. 1.26 below.

The stress tensor plays a central role in th&lewtonian law of momentum conservation
Recall the physical intepretation ofTj, as thej -component of momentum that crosses a unit
area perpendicular toeg per unit time [Eq. (1.89)]. Apply this de nition to the littl e cube
in Fig. 1.18. The momentum that ows into the cube in unit time across the front face (at
y =0) is TjyL?, and across the back face (af = L) is T,,L? and their sumis T, L>.
Adding to this the contributions from the side faces and thedp and bottom faces, we nd for
the rate of change of total momentum inside the cube (Tixx Ty T,-Z;Z)L3 = Tk LS.
Since the cube's volume it 3, this says that

@momentum density=dt+r T =0: (1.90)

This has the standard form for any local conservation law: #time derivative of the density
of some quantity (here momentum), plus the divergence of theix of that quantity (here
momentum ux is the stress tensor), is zero. We shall make esthsive use of this Newtonian
local law of momentum conservatiom Part Il (elasticity theory), Part IV ( uid mechanics)
and Part V (plasma physics).
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EXERCISES

Exercise 1.26 **Problem: [R] Electromagnetic Stress Tensor

An electric eld E exerts (in Gaussian cgs units) a pressufg?=8 orthogonal to itself
and a tension of this same magnitude along itself. Similarla magnetic eld B exerts a
pressureB2=8 orthogonal to itself and a tension of this same magnitude aig itself. Verify
that the following stress tensor embodies these stresses:

T=8i (E2+B%)g 2(E E+B B) : (1.91)

*kkkkkkkkkkkkkkkkkkhkkkkkkkkk

1.12.2 [R] Relativistic Stress-Energy Tensor

We conclude this chapter by formulating the law of 4-momentm conservation in ways anal-
ogous to our laws of conservation of charge, particles, bans and rest mass. This task
is not trivial, since 4-momentum is a vector in spacetime, wle charge, particle number,
baryon number, and rest mass are scalar quantities. Corremplingly, the density- ux of
4-momentum must have one more slot than the density- uxes aharge, baryon number and
rest mass,J, S and S,,; it must be a second-rank tensor. We call it thestress-energy tensor
and denote itT(__;_ ) (the same notation as we use for the stress-tensor in Eucah space).
Consider a medium or eld owing through 4-dimensional spagtime. As it crosses a
tiny 3-surface 7 it transports a net electric charge J(7) from the negative side of ~to
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the positive side, and net baryon numbeS(7} and net rest mass S, (7; and similarly, it
transports a net 4-momentumT (__; ) from the negative side to the positive side:

T( ;) (total 4-momentum P that ows through 7J; 1 :e; T =P : (1.92)

From this de nition of the stress-energy tensor we can read the physical meanings of
its components on a speci ¢, but arbitrary, Lorentz-coordiate basis: Making use of method
(1.32b) for computing the components of a vector or tensor,ensee that in a specic, but
arbitrary, Lorentz frame (where ™= & is a volume vector representing a parallelopiped
with unit volume V =1, at rest in that frame, with its positive sense toward the fiture):

0
-component of 4-momentum that

To=T(e; &)= P(e)= @ ows from past to future across a unit A
volume V =1 in the 3-spacet = const

= ( -component of density of 4-momentum ) (1.93a)

Specializing to be atime or space component and raising indices, we obtdire specialized
versions of (1.93a)

T% = (energy density as measured in the chosen Lorentz frame),
T!0 = (density of j -component of momentum in that frame) (1.93b)

Similarly, the x component of the stress-energy tensor (also called th& component since
x = x! and g = €) has the meaning

0 1
-component of 4-momentum that crosses

aunitarea y z=1lying in a surface of
constant x, during unit time t, crossing
from the x side toward the +x side

_ component of ux of 4-momentum )
= . . : (1.93¢)
across a surface lying perpendicular te;

T, Tx T(e;s)=

The speci ¢ forms of this for temporal and spatial are (after raising indices)

TOc —  €nergy uxacross a surface perpendidular tg,, . (1.93d)
B from the x side to the +x side ; '
Tix = ux of j-component of momentum across a surface _ jx component
~  perpendicular tog, from the x side to the +x side of stress
(1.93e)

The y and z components have the obvious, analogous interpretations.
These interpretations, restated much more brie y, are:

T% = (energy density), T'° = (momentum density), T% = (energy ux), T/* = (stress).
(1.937)
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Although it might not be obvious at rst sight, the 4-dimensional stress-energy tensor is
always symmetric in index notation (where indices can be thought of as represting the
names of slots, or equally well components on an arbitrary bia)

T =T (1.94)

This symmetry can be deduced by physical arguments in a spegibut arbitrary, Lorentz
frame: Consider, rst, the x0 and &k components, i.e., thex-components of momentum
density and energy ux. A little thought, symbolized by the following heuristic equation,
reveals that they must be equal

momentum :( E)dx:dt: E _  energy

TXO: =
density Xy z y zt ux

: (1.95)

and similarly for the other space-time and time-space compents: T/° = T9 _ [In Eq. (1.95),
in the rst expression E is the total energy (or equivalently mass) in the volume x y z,
( E)dx=dtis the total momentum, and when divided by the volume we get #n momentum
density. The third equality is just elementary algebra, andhe resulting expression is obvi-
ously the energy ux.] The space-space components, beinguatjto the stress tensor, are
also symmetric, T’k = T | by the argument embodied in Fig. 1.18 above. Since” = Ti°
and T = TK all components in our chosen Lorentz frame are symmetri@, = T
This means that, if we insert arbitrary vectors into the slos of T and evaluate the resulting
number in our chosen Lorentz frame, we will nd

TAB)=T AB =T AB =T(B A); (1.96)

i.e., T is symmetric under interchange of its slots.

Let us return to the physical meanings (1.93) of the componenof the stress-energy
tensor. With the aid of T's symmetry, we can restate those meanings in the languageaof
3+1 split of spacetime into space plus time:When one chooses a speci c reference frame,
that choice splits the stress-energy tensor up into threerfs Its time-time part is the energy
density T, Its time-space partT% = T is the energy ux or equivalently the momentum
density, and its space-space pafft!® is the symmetric stress tensor.

1.12.3 [R] 4-Momentum Conservation

Our interpretation of J(7  J as the net charge that ows through a small 3-surface
fsom its negative side to its positive side gave rise to the gbal conservation law for charge,
a9 d = 0 [Egs. (1.80) and Fig. 1.16]. Similarly the role ofT(_; ) [ T in slot
naming index notation] as the net 4-momentum that ows throgh ~from its negative side

to positive gives rise to the following equation for conseation of 4-momentum:

T d =0: (1.97)

This equation says that all the 4-momentum that ows into the 4-volumeV of Fig. 1.16
through its 3-surface@ must also leaveV through @/; it gets counted negatively when it
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enters (since it is traveling from the positive side o to the negative), and it gets counted
positively when it leaves, so its net contribution to the inegral (1.97) is zero.

This global law of 4-momentum conservatiocan be converted into docal law (analogous
to r~ J =0 for charge) with the help of the 4-dimensional Gauss's tloeem (1.79). Gauss's
theorem, generalized in the obvious way from a vectorial iegrand to a tensorial one, says:

T .d = T d (1.98)
Since the right-hand side vanishes, so must the left-handisi, and in order for this 4-volume

integral to vanish for every choice oV, it is necessary that the integrand vanish everywhere
in spacetime:

T .=0; i, T=0: (2.99a)

In the second, index-free version of this local conservatidaw, the ambiguity about which
slot the divergence is taken on is unimportant, sinc& is symmetric in its two slots: T . =
T ..

In a specic but arbitrary Lorentz frame, the local conservéion law (1.99a) for 4-
momentum has as its temporal and spatial parts

e®, @™ _ .
at + ax - 0; (1.99b)
i.e., the time derivative of the energy density plus the 3-gdergence of the energy ux vanishes;
and
@™ e _ .
@t + K 0; (1.99¢)

i.e., the time derivative of the momentum density plus the Rtvergence of the stress (i.e., of
the momentum ux) vanishes. Thus, as one should expect, theegmetric, frame-independent
law of 4-momentum conservation includes as special caseshbilie conservation of energy
and the conservation of momentum; and their di erential coeervation laws have the standard
form that one expects both in Newtonian physics and in spedcieelativity: time derivative
of density plus divergence of ux vanishes; cf. Eq. (1.90) dmassociated discussion.

1.12.4 [R] Stress-Energy Tensors for Perfect Fluid and Elec tro-
magnetic Field

As an important example that illustrates the stress-energyensor, consider gperfect uid.
A perfect uid is a continuous medium whose stress-energyrtsor, evaluated in itslocal rest
frame (a Lorentz frame whereT!? = T% = 0), has the special form

T®=; Thk=plk: (1.100a)
Here is a short-hand notation for the energy density (density ofdtal mass-energy, including

rest mass)T%, as measured in the local rest frame; and the stress tensbf as measured
in that frame has the form of an isotropic pressur®, and vanishing shear stress. From this
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special form of T in the local rest frame, one can derive the following expresa for the
stress-energy tensor in terms of the 4-velocity of the local rest frame, i.e., of the uid itself,
the metric tensor of spacetimey, and the rest-frame energy density and pressureP:

T =( + P)U u +Pg ; e T :( + P)ﬂ H+ Pg: (1.100b)

See Ex. 1.28, below. In Part IV of this book, we shall explore idepth the implications of
this stress-energy tensor, in the Newtonian limit.

Another example of a stress-energy tensor is that for the eteomagnetic eld, which
takes the following form in Gaussian units:

1

T ==
4

1
F F Zg F F (2.101)
see Exercise 1.30
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EXERCISES

Exercise 1.27 Example: [R] Global Conservation of 4-Momentum in an Inei Frame
Consider the 4-dimensional parallelopipe® whose legs are te, x€&, y§ z€&, where
(t; x; y; z) = (x% x%; x?; x3) are the coordinates of some inertial frame. The boundary
[ of this V has eight 3-dimensional \faces". Identify these faces, anarite the integral
o T% d as the sum of contributions from each of them. According to thlaw of energy
conservation, this sum must vanish. Explain the physical terpretation of each of the eight
contributions to this energy conservation law. (Cf. Ex. 1.2 for an analogous interpretation
of charge conservation.)

Exercise 1.28 **Derivation and Example: [R] Stress-Energy Tensor and Engy-Momentum
Conservation for a Perfect Fluid

(a) Derive the frame-independent expression (1.100b) fohe perfect uid stress-energy
tensor from its rest-frame components (1.100a).

(b) Explain why the projection ofr T =0 along the uid 4-velocity, 4 (r T) =0, should
represent energy conservation as viewed by the uid itselfShow that this equation

reduces to d
d—: ( +P)yr u: (1.102a)
With the aid of Eq. (1.87), bring this into the form
dVv) _ dv
g - Pd— ; (1.102b)

whereV is the 3-volume of some small uid element as measured in theiid's local
rest frame. What are the physical interpretations of the leéfand right sides of this
equation, and how is it related to the rst law of thermodynanics?
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(c) Read the discussion, in Ex. 1.10, of the tensd? = g+ + d that projects into the

3-space of the uid's rest frame. ExplainwhyP T . =0 should represent the law of
force balance (momentum conservation) as seen by the uidh8&w that this equation
reduces to

( +P)a= P r P; (1.102c)

wherea= dt=d is the uid's 4-acceleration. This equation is a relativisic version of
Newton's \F = ma". Explain the physical meanings of the left and right hand sles.
Infer that + P must be the uid's inertial mass per unit volume. See Ex. 1.2%or
further justi cation of this inference.

Exercise 1.29 **Example: [R] Inertial Mass Per Unit Volume

Suppose that some medium has a rest frame (unprimed frame) which its energy ux
and momentum density vanish,T% = TI% = 0. Suppose that the medium moves in the
direction with speed very small compared to lighty 1, as seen in a (primed) laboratory
frame, and ignore factors of ordev2. The \ratio" of the medium's momentum density T/’
as measured in the laboratory frame to its velocity; = v i is called its total inertial mass
per unit volume, and is denoted 7"

TI = ety (1.103)

(&) Show, using a Lorentz transformation from the medium'sunprimed) rest frame to the
(primed) laboratory frame, that

Jiliflert — TOO i F Tj' : (1104)

(b) Give a physical explanation of the contributionT;; v; to the momentum density.

(c) Show that for a perfect uid [Eq. (1.100b)] the inertial mass per unit volume is isotropic
and has magnitude + P, where is the mass-energy density an® is the pressure
measured in the uid's rest frame:

pet=( +P) i (1.105)

See Ex. 1.28 above for this inertial-mass role of+ P in the law of force balance
(momentum conservation) for a uid.

Exercise 1.30 **Example: [R] Stress-Energy Tensor, and Energy-Momentur@onserva-
tion for the Electromagnetic Field

(&) Compute from Eqg. (1.101) the components of the electrorgaetic stress-energy tensor
in an inertial reference frame in Gaussian units. Your answshould be the expressions

given in electrodynamic textbooks:
E2+ B?2 - - E B
|00:78 : |OJej: |Joej:74 :

- 1
Tk = 5 (E2+ B?) x 2(EjEx+ B;By) : (1.106)

See also Ex. 1.26 above for an alternative derivation of thé&ress tensorTj .
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(b) Show that for the electromagnetic eld,
T . =F J; (1.107a)
whereJ is the charge-current 4-vector.

(c) The matter that carries the electric charge and current @n exchange energy and mo-
mentum with the electromagnetic eld. Explain why Eq. (1.1(a) is the rate per unit
volume at which that matter feeds 4-momentum into the electmagnetic eld, and
conversely, F J is the rate per unit volume at which the electromagnetic eld
feeds 4-momentum into the matter. Show, further, that (as @wed in any reference
frame) the time and space components of this quantity are

dEnatter dP matter —
dtdVv dtdVv

where . is charge density andj is current density [EqQ. (1.67)]. The rst of these
equations is ohmic heating of the matter by the electric elgdthe second is the Lorentz
force per unit volume on the matter.

= FIJ,=E j; E+j B; (1.107Db)

*kkkkkkkkkkkkkkkkkkhkkkkkkkkk

Bibliographic Note

For an inspiring taste of the history of special relativity,see the original papers by Einstein,
Lorentz, and Minkowski, translated into English and archied in Einstein et. al. (1923).
Early relativity textbooks [see the bibliography on p. 567 bJackson (1999)] emphasized
the transformation properties of physical quantities, in ging from one inertial frame to
another, rather than their roles as frame-invariant geomet objects. Minkowski (1908)
introduced geometric thinking, but only in recent years | in large measure due to the
in uence of John Wheeler | has the geometric viewpoint gainel ascendancy. It is still not
common in texts on Newtonian physics, but it is almost univesal in modern relativity texts.
In our opinion, the best elementary introduction to specialelativity is the rst edition
of Taylor and Wheeler (1966); the more ponderous second edit (1992) is also good. Both
adopt the geometric viewpoint. At an intermediate level, mst physics students learn rela-
tivity from electrodynamics texts such as Griths (1999) and Jackson (1999), or classical
mechanics texts such as Goldstein (1980). Avoid the rst angecond editions of Jackson and
of Goldstein, which use imaginary time and obscure the geotne of spacetime! Griths
and Jackson (like old relativity texts) adopt the \transformation” viewpoint on physical
guantities, rather than the geometric viewpoint. Under Joh Safko's in uence, the third
edition of Goldstein [Goldstein, Poole and Safko (2002)] kdbecome strongly geometric.
For fully geometric treatments of special relativity, anabgous to ours, see not only the
third edition of Goldstein, but also the special relativitysections in modern general relativity
texts. Some we like at the undergraduate level are Schutz @%) and especially Hartle (2002);
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Box 1.4
Important Concepts in Chapter 1

Foundational Concepts

{ Frameworks for physical laws (general relativity, specialelativity and New-

tonian physics) and their relationships to each other, Sed..1.

{ Inertial reference frame, Sec. 1.2.2.

{ Invariant interval and how it de nes the geometry of spacetne, Sec. 1.2.3.
Principle of Relativity: Laws of physics are frame-independent geometric rel
tions between geometric objects, Sec. 1.2.3. Important exples:

{ Newton's second law of motiorF = ma, Eq. (1.13).

{ Lorentz force law in 3-dimensional Newtonian language (#4), and in 4-
dimensional geometric language (1.28) and their conneatioSec. 1.10.

{ Conservation of 4-momentum in particle interations, Eq. (23).

{ Global and local conservation laws for charge, baryon numbeand 4-
momentum, Secs. 1.11.3, 1.11.4, 1.12.3.

Di erential geometry

{ Tensor as a linear function of vectors, Sec. 1.3. ExamplesieBiromagnetic
eld tensor (1.26), stress tensor (1.88) and stress-energgnsor (1.92).

{ Slot-naming index notation, Sec. 1.5.3.

{ Gauss's theorem in Euclidean space (1.71a), and in spacegifl.79).

{ Computations via geometric techniques, without coordinas or Lorentz trans-
formations (e.g. derive Lorentz force law Ex. 1.4.3, derivBopper shift EX.
1.11, derive vector identities Ex. 1.18).

3+1 Split of spacetime into space plus time induced by choice of inertial
frame, Sec. 1.6, and resulting 3+1 split of physical quanigs and laws:
{ 4-momentum! energy and momentum, Egs. (1.35), (1.36), (1.38); Ex. 1.9,
{ Electromagnetic tensor! electric eld and magnetic eld, Sec. 1.10.
{ Charge-current 4-vector! charge density and current density, Ex. 1.20.

Spacetime diagrams used to understand Lorentz contraction, time dilation,
breakdown of simultaneity (Sec. 1.7.3, Ex. 1.14) and consation laws (Fig. 1.16).
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and at a more advanced level, Carroll (2004) and the veneradMisner, Thorne and Wheeler
(1973) | often cited as MTW. In Parts I{V of our book, we minimi ze, so far as possible, the
proliferation of mathematical concepts (avoiding, e.g.,icerential forms and dual bases). By
contrast, other advanced treatments (e.g. MTW, Goldstein @l edition, and Carroll) embrace
the richer mathematics.
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