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Introduction

The basic purpose of data analysis is to summarize with a few parameters the information
in a data set which may consist of many measurements. One rarely publishes raw data but
rather the conclusions implied by the parameters calculated from the data set. This set of notes
therefore concerns itself with describing what are generally considered useful parameters to
extract from data.

What does one observe about the process of acquiring data? In many cases repetitive
measurement of a supposedly precisely defined quantity yields not a single precise value but a
scattered set of measurements. As more and more data is accumulated one usually finds that
the “middle,” of the distribution of measurements becomes clearer, and that small deviations
from the “middle,” are much more prevalent than large ones. This implies that a distribution
like that of Figure (1) is a better model for a typical data set than Figure (2). Figure (2) implies
that large deviations are just as likely as small ones; a result not usually seen.
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Figure (1) Figure (2)

Looking at Figure (1) it is clear that a parameter representing the “middle” and one
representing the width of the distribution would be useful descriptors of a data set. There are
several possible ways of defining the “middle” or central value of the data set with the simplest
and most generally used being the familiar arithmetical average.

For a set of N measurements X; X, X3, ..., Xy

1 1 <
,uEN(lerxz+x3+...+xN)ENZx[ (1)

A commonly used width descriptor, s* calculates the average of the square of the
scatter (xj - m ) about m. Squaring allows the negative terms to contribute without the
possibility of the scatter averaging out to zero. The quantity s, is the standard deviation.

§ E%[(xl 1)+ (x, ~ )+ (= 1)t ()] @)
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Equation (2) relies on a parameter previously obtained from the data set, using equation (1).
To give an unbiased estimate of the standard deviation s, equation (2) is modified to give one
less degree of freedom (N-1), and is usually stated as

RIS " 3)
N-15""

Take for example five measurements of a precession period T in seconds
T,=5935 T,=60.23 T;=58.76 T4=59.83 Ts=58.98 sec

m=(59.35+6023+...)/5 = 297.15/5 = 59.43 sec
s =(59.35 - 59.43)* +(60.23 - 59.43)* +...]1/4 = 0.36 sec’

Thus this distribution can be summarized by stating m and s, i.e.,
m=159.43 sec, s = 0.6 sec
Note that if s is a good estimate of the width it would not change significantly after 20
measurements but our estimate of m would be much better. Thus the best estimate of m should
improve with the number of measurements, leading to

,uis/\/ﬁ 4)

which in this case gives
m=159.43 (.27 sec as the best estimate.

Although the mean, m, and the standard deviation of the mean, s/ JN , may appear to have
been rather arbitrarily adopted for the purpose, no other expressions for the “best single value”
and the “scatter” about that value, provide more consistent, more accurate, or more convenient
measures. In addition, these quantities are firmly rooted in an extensive and fundamental
theory of statistics and data analysis, with which the student will gradually become more
familiar.

The Primer deals with the analysis of random uncertainties, but in any experiment the
possibility of systematic errors is always present . Systematic errors occur in a variety of forms
due either to equipment design and calibration or faulty technique on the part of the
experimenter. Typical equipment problems include backlash in screw threads, an offset in the
zero set of an analog meter, etc. Typical systematic errors related to the experimenter’s
technique include parallax, the failure to place the eye correctly when sighting on two marks,
bias, such as a tendency to always read a value on the high side, etc. There is no mathematics to
account for systematic errors it is therefore up to the experimenter to stay alert to the
possibilities and work to eliminate or, at the very least, minimize them.
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Finally a word about precision and accuracy. Precision is associated with the size of the
random uncertainties and accuracy is associated with systematic errors. As an example, m is
the

best known value for some quantity which is measured by two different techniques resulting in
A sa and B sp.

Heo— . F——
A m B
Result 4 has higher precision but is clearly suffering from a lack of accuracy, whereas result B,

though lower in precision, has better accuracy and is within 2 standard deviations of m
(a typical good result).
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Mean and Standard Deviation

A set of measurements of a given quantity is always a sample from some parent
distribution. Any given measurement is only an approximation to the parameter you are
seeking. On the average, however, one expects the measurements to be randomly distributed
around the best value, and that the experimentally determined parameters will approach the
parent parameters as the number of measurements, N

The parent distribution which best describes the randomly distributed experimental values
is usually the “Gaussian” or “Normal” distribution. The probability P(x) of observing a value

between x and x + dx is described by the Gaussian probability density

__ 1 —ew?/2c?
P)= = (1)

where m 1s the mean value of x and S is the standard deviation. This distribution has the

familiar shape shown in Figure 1 which is a plot of P(x)=¢~ -w?/20?

P(x)
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The distribution of Eq. (1) is normalized so that the area under the curve is unity. The
probability that a single observation of x will be within one S of m is equal to the fraction of the
area under the curve between m - S and m + S which is approximately 68%.

u+o
| o (-3 207 o

Area =

ON2T |\

let t="—" then dx=odt

1
1 -2
Area =—— | e dt =0.682 See any book on Integrals
= _jl {See any grals}
_ _ _ _ _ 05 _ .
Alsoatx=m Px)=1/(ov2r)=Aandatx=m+ S, P(x)=Ae ~ =0.6A. Thus S is

roughly the half width at the half height of a Gaussian curve. (See Figure 1)

The applicability of the Gaussian distribution to a given set of data can be tested in a
number of ways. Clearly a strict test cannot be made unless a great many measurements are
available, since it is the measurements that lie several standard deviations from the mean that
are critical to the test. Thus if only two observations are made, nothing can be said about the
applicability of the Gaussian distribution. However, if 100 observations are available, a very
sensitive test may be made by comparing the number of deviations lying outside a given value
with the number expected from the Gaussian distribution. A rough test can be made for as few
as ten data points, by noting whether about a third of them lie outside one standard deviation

from the mean.

Mean u of the parent population

If the probability of observing any one measurement in the parent population is P(x;)
given by equation (1), then the probability of observing a set of measurements is the product of
the individual probabilities.

N
Py :HP(xi)

i=1
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This gives

1 N
k [W} P[ 20 @

Looking at Figure 1 suggests that the best value for m is obtained by maximizing P;, or

Z(xu)2]
2

equivalently minimizing the sum in the exponential

d 26—
du 202
d d
Noting that — Y =) —
oting tha d‘uz zd,u
gives 6(x,~ -m)= 6x,- -6m= 6x,- -Nm=0
1
thus ,LL:WZxZ- (3)

Equation (3) says that if all the individual measurements are equally good (i.e. the
uncertainty S is the same for each) then the best value for m is just the simple unweighted
average of all the measurements. The implication here is that all the measurements were from
the same parent population described by a single distribution characterized by a single value for
mand S.

In the general case where individual measurements may have different sigmas

(uncertainties) associated with them equation (3) becomes

d 5 (-w)* _
duz 20',~2 =0
_Z(Xi/o'iz)
H—W “4)

Equation (4) gives m in terms of a weighted average of the measurements. The implication
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is that the various measurements were from different parent populations, all having the same m

but different widths S.

Standard Deviation

The commonly used width parameter s, usually refered to as the variance, mentioned in the
INTRODUCTION is generally easy to calculate. So the question is how is it related to the o of

the Gaussian distribution? The variance of a distribution, f{x), is defined as

[}

s = [ f () dx

—oo

oV2m

N2
Which for a Gaussian distribution gives s* = ! J(x - ,u)z exp{— (xz—,uz)} dx
o

Making a change of variable, z = (x - m)/S12, gives an integral which can be evaluated by

parts

giving §T=—F

Thus it is seen that S of the Gaussian distribution can be estimated by

s = m{%Z(% —u)z}zaz (5)

Practical Considerations

In reality you will only make a finite number of measurements. How does this fact modify

the above equations? If N is finite then

=l

— Y= (6)

s =ﬁ2(xi—)?)2 =¢? (7)

Where the parent standard deviation S, is estimated by s, the sample standard deviation.

The quantity s°, also known as the variance, can be written in the form
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2 e B (S

The N-1 term is the number of degrees of freedom, which is defined as the number of

observations minus the number of terms needed in a theoretical description of the data.

For a pointx =a Degrees of freedomis N - 1
For a straight line y = a + bx Degrees of freedom is N -2
For a parabola y = a + bx + cx” Degrees of freedomis N -3

The N -1 term in equation (7) also avoids the erroneous result s’ =0, in the case where only
one measurement is made. Another way to look at the N -1 term is that having used the data to
calculate X there is one less degree of freedom in the data set when calculating the next
parameter.

Note: The variance s° of equation (7) is an estimate of the average uncertainty of the individual

data points, x;, as well as an estimate of the width of the parent distribution.

Sigma of the Mean

After N measurements the mean m, is known to a smaller uncertainty than the S of the
distribution from which the N measurements were drawn.
In general the S? of any quantity is equal to the sum of the s;* of the individual data points

times the square of the effects of that variable on the result.

2
)
(See eq.(4) pg. 2-2) o} = 20?(8—5) (8)

2
1
Now u= szi thus o-fl = zo-f (%j

If all the Ss; are equal, then S; =S giving

N 2
o 2622(%) :% 9)



Thus the mean should be stated as

=
In
=
I+

e

If the uncertainties S; on the individual data points are not equal we will show later on that

the mean m and S, are equal to

Z(xi/o'?)

HETS )
5 1

“TY (o)

o

Another way to derive o,

(See page 1-8)

(10)

(11)

What follows depends on ideas developed in the next chapter on propagation of

uncertainties.

A quantity is measured N times (x, X2, X3, ...). The total is x; where

Xr= E X; and Sr= (812 + 822 + S32 +...)1/2

. _ X
The average value xis x = WT

And o is (see page 2-2 equation (1))

oo = afo_ or
c=——0p=—1—
o axT N

If all the measurements have the same uncertainty S, then oy is

(See page 2-3)
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Example 1

Ten periods of a torsion pendulum are measured five times giving
107=12.52, 12.51, 12.45, 12.42, 12.46 sec.
Using equations (6) (7) and (9)

F=10T=1247 s#S=0042 and ©,=-2=002

NG

Assuming a Gaussian parent distribution from which these presumably randomly distributed

measurements were drawn

1 (107’—@)2
S

Y= CXp—

o271 20

Thus the 10 period average is recorded as

107 = 12.47 +0.02 sec
and

T'=1247%0.002sec
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Example 2 Weighted Average

A quantity b, is measured several times, each measurement having a different uncertainty.

What is the weighted average value b, and its uncertainty?

by=74 03
b,=79 04
b3=7.5 0.2
74 N 7.9 N
_ Yh/o? 37 (04
b=Z 1/621 = (03)2 04) 71 (65)2: 1 7 =002
Yi/olr 1/(03) +1/(04) +... Yo
Thus | b =75+01 (An unweighted average gives b = 7.6)

Derivation of 0',,2 in the Weighted Case

Equation (8) states

9 2 xi/Giz
Gi:z{a?( %xi) where ,LLZZZ‘:‘IW

Each term in the sum of equation (8) is generated by taking the partial derivative of m with

respect to a particular x;, namely i =.

/02
Thus o = / /

Yol

Consider the first few terms of the sum (j =1, 2, ...)

, 1

2
o=l -1 |ler Ll ig2 L.
# Zl/af ‘ol ol

Giving oy, =
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A Comment on Averaging Data and Hidden Constraints

Whenever data is analyzed according to some functional form DO NOT calculate the
desired result for each data point and then average the individual results! This averaging
technique of data analysis has a hidden assumption that the data set includes the origin.
Systematic errors or some unexpected additional physical effect may result in a non-zero
intercept.

Take for example the theoretical equation

T=%DF or F=1/DQ2T) (data takenas 6.,z +0,)

The best-fit form of this equation should at least include a constant

£=1/D2T) + ¢

If D; is calculated for each data point ( 6. ,t;) by setting ¢ = 0; then

1 f-c

o, 26,-0

1

What is actually being calculated is the slope of a line between the origin and the data point

Q2T;, ).

Graphically

It is easily seen that 1/Dg

zl/ai

Note the sequence 1/D,

o, >/, >1/0 c

2T

The best-fit value Ds; must come from graphical or least squares analysis. The data should

determine the value of the intercept, c.
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In the case where o is calculated with a weighted average the problems in this erroneous
technique are further compounded by the additional hidden assumption of a zero sigma on the
included (0, 0) point

Even if this averaging procedure happens to produce a value for o = o, it cannot give a
physically meaningful value for Sp . For two parameter data the degree of freedom is N-2 even

if one of the parameters is assumed to be zero.

Thus

Not

07/g :ﬁZ(l/ai—l/_a)z

It seems clear that this averaging technique is completely wrong in all aspects and yields no
physically meaningful results.
Real physical insight often results from understanding the reasons for an unexpected non-

zero intercept. Don't deny yourself this pleasure.
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NOT NECESSARY for Ph 3 — VERY NECESSARY for Ph 6&7

The Poisson Distribution

The Poisson distribution represents an approximation to the special case of the binomial
distribution, when the average number of events is very much smaller then the total possible
number. The number of atoms that spontaneously decay per unit time in a radioactive sample is
a classic application of Poisson statistics, as the number of atoms in a sample may be on the
order of 10* while the number which disintegrate per unit time interval is many many orders of
magnitude smaller.

The uncertainty parameter in Poisson statistics is not due to any measurement error in the
time interval or the number of counts, but is a description of the statistical nature of the process
observed.

According to Poisson statistics the probability of observing n events per unit time is

ne=H
Py == (12)
n!
The mean of the distribution m, is estimated by the familiar
_xn - .
u= N (N = number of count intervals) (13)

The standard deviation S, can be evaluated from the expectation value of the square of the
deviations
2, - 2
0 ={(m—p)"y =Y (m;— )" P(n,p) = p (14)
n=0

using the recurrence formula
P(n+1, 1) = Ll P(n, 1) where P(0,u) = ¢ H
n+

Thus in a Poisson distribution S is a fixed parameter in contrast to a Gaussian distribution
where it is a free parameter independent of m. For a discussion of this see Melissinos,

Experiments in Modern Physics, page 453.
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Poisson Distributions For Two Values Of u

P(n,m)o0.35
0.3
0.25

0.2

0.05

P(n,m)o0.14
0.12

0.1

0.08

0.06

0.04

0.02

o

m=1.67

s=Im=1.29
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Several Comments Regarding the Poisson Distribution

1. For m <20 the distribution is asymmetric and the mean, m, does not coincide with the

most probable value for n at the peak of the distribution.

2. For small values of m the positive and negative values of S have no simple

interpretation as actual deviations. Sigma is an rms deviation, the positive rms deviation being

greater than the negative one.
3. For m > 20 the Poisson distribution becomes symmetric and virtually identical in shape
to a Gaussian distribution of the same m and S. Also due to the difficulty of calculating

the  Poisson distribution for large m the Gaussian distribution equation is usually used.

4. The fact that o = \/ﬁ , greatly simplifies the calculation of the standard deviation of the

distribution.

The mean, m, is in general estimated from Equation (13) after N data points are collected.

The uncertainty of the mean S;, is thus given as

o, =0/JN =Ju/N (15)

To show that S, only depends on the total number of counts accumulated, consider two data
sets:  (a) counts per ¢ sec, (Cj), taken N times

(b) one total count accumulated in T = Nt sec

For Case (a) Using Equations (13), (14), (15)

»ua:%zCiZCtot/N and Ga:\/E:\/Ctot/N
Oy, :Ga/m:VCtot/N
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For the single measurement of Case (b) (T=Nj)
My = Ciot and Op =+Hp =+ Crot giving Opu, = Gb/\/T =4 Ciot

To compare Sy, in the two cases, divide m, and & , by N to get Case (b) results in the same

time base as Case (a).

Thus 1, /N = Co /N = U,

and 0, /N=Cy /N:O'#a

Thus the results of Case (b) are the same as Case (a) when stated in the same time base.

Example - Silver Activation Experiment

Background rate recorded in channels 180 to 199

Channel Counts/(8 sec) Channel C; /(8 sec) Channel C; /(8 sec)

180 52 187 59 194 55
1 46 8 56 5 56
2 61 9 53 6 55
3 60 190 59 7 61
4 48 1 48 8 49
5 55 2 63 199 39
186 53 193 50

w=>C;/N=1078/20=1539 counts/ (8 sec), 0= \/ﬁ =7.3/(8sec)

and 0, =7.3/20=16/(8sec)

Mean background rate B = (54 1.6)/(8 sec)

B=(6.7 0.2)/sec

Note: The mean rate/sec is NOT 6.7++6.7
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A Poisson distribution with a mean of 54 and a S = 7 is symmetric and similar in shape to a
Gaussian distribution of the same m and S; therefore, approximately 70% of the data should be
within 1S of the mean. A scan of the data shows 17 points within that range and 3 points
outside that range. The data looks reasonably statistical.

This brings up a point regarding experimental technique. The same statistical uncertainty
could have been achieved by simply counting the background once for 160 sec (20 x 8 sec)

thereby eliminating the averaging step.

B for 160 sec equals 1072 counts, giving
B=(1072++/1072)/(160sec)
B=(1072 32.7) /(160 sec)

B=(6.7 0.2)/sec

The limitation of the single long count interval technique is that it assumes the data to be

statistical with absolutely no way of checking that assumption. If, during the interval, problems

with the data taking equipment arose the result would not necessarily alert you to that fact.
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Summary of Equations

Unweighted Case

1
—szi :u

=

1 _
S2 :EZ(xi —X)2 = 62
An alternate form of s, which is useful for calculators, obtained by expanding (x; — )?)2 , 18
1 2
=52 - (YN)(Z )]

N -1

The standard deviation of the meanis 53 = s/ JN

A result should be reported as xts;
Weighted Case
2 xi/ o}
_)? — u and G% — ;

2(1/0',2) : 2(1/0',.2)

Forms of the mean and standard deviation least likely to suffer from round off errors on a

computer are:

Unweighted
V2 il N2
My = (i M +x;4,)/ (i +1) Sf1 = (i =Ds; +’(xl+; M;)"/(i+1)
Weighted
Mi2(1/62)+(xi+1/612+1)
Mi+1 = :

2(1/0'2)

i+l

where i= 2(1/62) and i+1= 2(1/0'2) etc.

i i+1



