
Ph 236c: General Relativity

WEEK 24: 3+1 Spacetime Decomposition
Due: May 7, 2008

Suggested Reading:

1. Baumgarte and Shapiro, “Numerical Relativity and Compact Binaries,” Physics Re-
ports, 376, 41–131 (2003); gr-qc/0211028.

2. MTW (Gravitation): Chapter 21.
3. Wald (General Relativity): Chapter 10.

Problems

1. 3+1 Metric. a) Show that the inverse of the standard 3+1 metric,

ds2 = gµνdx
µdxν = −α2dt2 + γij(dxi + βidt)(dxj + βjdt),

may be written as

ds−2 = gµν∂µ∂ν = −α−2(∂t − βi∂i)2 + γij∂i∂j ,

where γij is the inverse of γij .
b) Consider a spacelike surface Σ that is embedded in a four-dimensional spacetime,
i.e., Σ is the level surface of a “time function” t. Let nµ be the unit vector that is
orthogonal to Σ, i.e. nµ is proportional to ∇µt. Define the three dimensional metric
γµν = gµν + nµnν , where gµν is the spacetime metric. Show that in the coordinates
of a) that the components of γµν are γtt = βiβi, γti = βi, and γij = γij .
c) Define a covariant derivative Dµ that acts only on vectors that are tangent to the
surface Σ: let

DµXν = γαµγ
β
ν∇αXβ ,

for Xµ that satisfy Xµn
µ = 0, where ∇α is the covariant derivative compatible with

the spacetime metric gαβ . Show that Dµ can be thought of as the three-dimensional
covariant derivative intrinsic to the surface Σ by showing that Dαγµν = 0. It follows
that Dα is the unique covariant derivative that is compatible with the metric γµν .
d) Define the extrinsic curvature of Σ as Kµν = −γαµ∇αnν . Show that Kαβ = Kβα

and that Kαβn
β = 0. Also show that Kµν can be written as Kµν = − 1

2Lnγµν , where
the Lie derivative Ln is defined as LnQµν = nα∇αQµν +Qαν∇µnα +Qµα∇νnα.
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2. Define the curvature Rαβµν associated with the surface Σ by using the Ricci identity:

DµDνXβ −DνDµXβ = −RαβµνXα,

for Xµn
µ = 0, and Rαβµνnα = 0. Express the covariant derivatives on the left side of

this definition in terms of ∇µ to show that

Rαβγδ = γµαγ
ν
βγ

σ
γγ

τ
δ
(4)Rµνστ −KαγKβδ +KαδKβγ ,

where (4)Rµνστ is the four-dimensional Riemann curvature associated with ∇α.

3. Use the four dimensional Ricci identity

∇µ∇νnβ −∇ν∇µnβ = −(4)Rαβµνnα,

to show that
γµαγ

ν
βγ

σ
γn

τ (4)Rµνστ = DβKαγ −DαKβγ ,

and
γαµn

βγσνn
τ (4)Rαβστ = LnKµν + α−1DµDνα+Kµ

αKαν .

4. Use the results of Problems #2 and #3 to show that:

nµnν (4)Gµν =
1
2
(
R+K2 −KµνK

µν
)
,

nµγνσ
(4)Gµν = −DµK

µ
σ +DσK,

γαµγ
β
ν

(4)Rαβ = −LnKµν +Rµν +KKµν − 2Kµ
σKσν − α−1DµDνα.

5. Use the results of Problems #1 and #4 to show that the vacuum Einstein equations
when expressed in the coordinate system of Problem #1 become:

0 = R+K2 −KijK
ij ,

0 = DiK
i
j −DjK,

∂tγij − Lβγij = −2αKij ,

∂tKij − LβKij = αRij + α
(
KKij − 2Ki

kKkj

)
−DiDjα,

where here the Lie derivative is given by LβQij = βkDkQij +QkjDiβ
k +QikDjβ

k.

6. a) Write a computer program that numerically evaluates the first derivative using
finite difference methods of a function f(x) whose values on a fixed grid of points
are specified f(xi), i = {0, ..., N − 1}. Assume that the points xi are located at
xi = 2πi/N on the periodically identified interval [0, 2π), and use the standard finite
difference expressions for the derivatives:

f ′(x0) = [f(x1)− f(xN−1)]/2∆x,
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f ′(xi) = [f(xi+1)− f(xi−1)]/2∆x.

for i = {1, ..., N − 2}, and

f ′(xN−1) = [f(x0)− f(xN−2)]/2∆x,

where ∆x = 2π/N . Demonstrate that your program works by evaluating the deriva-
tives of some known peroidic functions, e.g. ecos(x), and showing that the difference
between your numerical derivatives and the known analytical ones approaches zero as
N−2. You might do this by graphing the average error ε(N) =

∑
|f ′numerical(xi) −

f ′analytic(xi)|/N for several different values of N and then determining whether ε(N)
depends on N in the expected way. Turn in a copy of your program (including enough
documentation so that we know how your program is supposed to work and what func-
tions you are testing), and graphs demonstrating that your program works.

b) Write a computer program that numerically evaluates the first derivative using
pseudo-spectral methods of a function f(x) whose values on a fixed grid of points
are specified f(xi), i = {0, ..., N − 1}, where N is an even integer. Assume that the
points xi are located at xi = 2πi/N on the periodically identified interval [0, 2π), and
evaluate the derivatives using the expression:

f ′(xi) =
N−1∑
j=0

Mijf(xj),

where

Mij =
1
2

(−1)i+j cot
[
π(i− j)
N

]
,

for i 6= j and Mij = 0 for i = j. Demonstrate that your program works by eval-
uating the derivatives of some known periodic functions, e.g. ecos(x), and showing
that the difference between your numerical derivatives and the known analytical ones
approaches zero as e−λN for some λ > 0. You might do this by graphing the average
error ε(N) =

∑
|f ′numerical(xi)− f ′analytic(xi)|/N for several different values of N and

then determining whether ε(N) depends on N in the expected way. Turn in a copy of
your program (including enough documentation so that we know how your program
is supposed to work and what functions you are testing), and graphs demonstrating
that your program works.
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