Ph 236¢c: General Relativity

WEEK 24: 3+1 Spacetime Decomposition
Due: May 7, 2008

Suggested Reading:

1. Baumgarte and Shapiro, “Numerical Relativity and Compact Binaries,” Physics Re-
ports, 376, 41-131 (2003); gr-qc/0211028.

2. MTW (Gravitation): Chapter 21.

3. Wald (General Relativity): Chapter 10.

Problems

1. 341 Metric. a) Show that the inverse of the standard 3+1 metric,
ds® = g, drtds” = —a?dt® + v (dz" + B'dt)(dx? + B dt),
may be written as
ds™% = g"9,0, = —a~2(9; — 3'0;)* + 4 9,0;,

where 7% is the inverse of v;;.
b) Consider a spacelike surface 3 that is embedded in a four-dimensional spacetime,
i.e., X is the level surface of a “time function” t. Let n* be the unit vector that is
orthogonal to X, i.e. m, is proportional to V. Define the three dimensional metric
Yuv = Guv + nyuny, where g, is the spacetime metric. Show that in the coordinates
of a) that the components of v,, are v = BB, vei = B, and Yij = Vij-
c) Define a covariant derivative D, that acts only on vectors that are tangent to the
surface X: let

Dqu = W/au'yﬂuvaXﬂa

for X, that satisfy X,n* = 0, where V,, is the covariant derivative compatible with
the spacetime metric g,3. Show that D, can be thought of as the three-dimensional
covariant derivative intrinsic to the surface ¥ by showing that D,v,, = 0. It follows
that D, is the unique covariant derivative that is compatible with the metric v, .

d) Define the extrinsic curvature of ¥ as K,, = —7y*,V4n,. Show that K.3 = Kga
and that Kagnﬁ = 0. Also show that K, can be written as K, = —%En’yw, where
the Lie derivative £,, is defined as £,Q ., = n*VaoQuw + Qo V,un® + Qua Vone.



. Define the curvature R*g,, associated with the surface X by using the Ricci identity:
D,D,Xg—D,D, X3 =—R"g,,Xq,

for X,,n* =0, and R*g,,no = 0. Express the covariant derivatives on the left side of
this definition in terms of V, to show that

Raﬁ'yé = ’yua’yyﬁ’}/a’vaéM)RuuaT - KoryKﬁ6 + KozéKﬂ'w

where (4)RWUT is the four-dimensional Riemann curvature associated with V.

. Use the four dimensional Ricci identity
V. Vg —V,V,ns =—YR na,

to show that
r}/'uoz’yyﬁf)/a’ynq— (4)R,uua7' = DBKoz'y - DaK,B’ya
and
fyo‘unﬁvg,,nT (4)RQ5M =L, K, + oleuD,,a + K, “ Ko
. Use the results of Problems #2 and #3 to show that:

ntn” (4)GW = (R+K2 — KWK‘“’),

N | =

nt~Y, (4)G;w — _DMKMU + D, K,
v, WRas = —Ln,Kuy + Ry + KK, — 2K,°K,, —a~*D,D,a.

. Use the results of Problems #1 and #4 to show that the vacuum Einstein equations
when expressed in the coordinate system of Problem #1 become:

0=R+K*— K;;K",
0= D;K'; — DK,
at’}/ij — Eﬁ’}/z’j = —QOJKZ']',
875Kij — 'CBKZ = OéRij + O[(KKij — QKZ]CK]W) — DZ'DjOé,
where here the Lie derivative is given by £3Q;; = ﬂkaQij + ijDZﬂk + Qiijﬁk.

. a) Write a computer program that numerically evaluates the first derivative using
finite difference methods of a function f(x) whose values on a fixed grid of points
are specified f(z;), ¢ = {0,...,N — 1}. Assume that the points z; are located at
x; = 2mi/N on the periodically identified interval [0,27), and use the standard finite
difference expressions for the derivatives:

f(xo) = [f(z1) = flzn—1)]/2A,
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f(xs) = [f(xiv1) — flzi1)] /202
for ¢ = {1, vy N — 2}, and

flen-1) = [f(xo) — f(zn—_2)]/2Ax,

where Az = 27 /N. Demonstrate that your program works by evaluating the deriva-
tives of some known peroidic functions, e.g. €®(®) and showing that the difference
between your numerical derivatives and the known analytical ones approaches zero as
N~2. You might do this by graphing the average error ¢(N) = >_|f/ . (x;) —

analytic(Ti)| /N for several different values of N and then determining whether ¢(N)
depends on N in the expected way. Turn in a copy of your program (including enough
documentation so that we know how your program is supposed to work and what func-
tions you are testing), and graphs demonstrating that your program works.

b) Write a computer program that numerically evaluates the first derivative using
pseudo-spectral methods of a function f(x) whose values on a fixed grid of points
are specified f(z;), i = {0,..., N — 1}, where NN is an even integer. Assume that the
points z; are located at x; = 2mi/N on the periodically identified interval [0, 27), and
evaluate the derivatives using the expression:

where . o
My = (1) cor |2

for i # j and M;; = 0 for ¢ = j. Demonstrate that your program works by eval-
uating the derivatives of some known periodic functions, e.g. €°(®), and showing
that the difference between your numerical derivatives and the known analytical ones
approaches zero as e for some A > 0. You might do this by graphing the average
error €(N) = > | flumerical (Ti) = fanaiytic(®i)|/N for several different values of N and
then determining whether ¢(N) depends on N in the expected way. Turn in a copy of
your program (including enough documentation so that we know how your program
is supposed to work and what functions you are testing), and graphs demonstrating
that your program works.



