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Problems

1. a) Let ψab denote the 4-dimensional metric tensor. Show that the principal parts of
the 4-dimensional Ricci tensor (i.e. the terms containing second derivatives of ψab)
can be written in the form

Rab ' −
1
2
ψcd∂c∂dψab +∇(aΓb),

where Γa = ψbcΓabc, Γabc is the Christoffel symbol, and ∇aΓb = ∂aΓb − ψcdΓcabΓd.
b) Show that the covariant scalar wave operator acting on the coordinate function xb

can be written as
ψab∇c∇cx

b = −Γa.

2. a) Let Ha(x, ψ) be a prescribed function of the coordinates xa and the 4-metric ψab,
e.g. Ha(x, ψ) = ψabH

b(x). Assume that the coordinates are fixed by requiring that the
scalar wave operator acting on the coordinate functions give Ha, i.e. that 0 = Ha+Γa.
When this choice of coordinates is made, show that the vacuum Einstein equations
can be written as

0 = Rab(ψ)−∇(aCb),

where Ca = Ha + Γa. The quantity Ca functions like a constraint, with Ca = 0 being
the condition that the coordinates satisfy the scalar wave equation with the prescribed
source function Ha.
b) Show that the principal parts (i.e. the parts containing second derivatives of the
metric) of this form of the vacuum Einstein equations are given by

Rab(ψ)−∇(aCb) ' −
1
2
ψcd∂c∂dψab.

3. a) Use the Bianchi identity to infer that the constraints satisfy the vector wave equa-
tion:

∇c∇cCa = −RabCb = −Cb∇(aCb).

b) Show that if Ca = 0 on a spacelike surface, and if the Hamiltonian and momentum
constraints are satisfied on this surface, then ∂tCa = 0 on this surface as well.
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4. Modify the generalized harmonic evolution system by adding the following multiples
of the constraints to the equations,

0 = Rab −∇(aCb) + γ0

[
t(aCb) −

1
2
ψabt

cCc

]
,

where Ca = Ha + Γa is the generalized harmonic constraint, ta is a future directed
timelike vector, and γ0 is a positive constant.
a) Show that the resulting evolution system is hyperbolic.
b) Use the Bianchi identities to show that the constraints for this system satisfy the
equation,

0 = ∇c∇cCa − 2γ0∇b
[
t(bCa)

]
+ Cc∇(aCb) −

1
2
γ0taCcCc.

5. Write a finite difference code to evolve the 1D scalar wave system,

∂tψ = −Π,
∂tΠ = −∂xΦx,

∂tΦx = −∂xΠ

on the computational domain 0 ≤ x < 2π, with the points x = 0 and x = 2π
periodically identified. Evolve initial data corresponding to some known analytical
solution to these equations, e.g. ψ(x, t) = αecos(t−x) + (1 − α)ecos(t+x) for some
values of the constant α. Do convergence tests to verify that your numerical solutions
converge to the known analytical solutions.

6. Repeat Problem #5 using spectral methods.
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